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ABSTRACT 
 
In the present study, the problem of two-dimensional, unsteady, viscous, 
incompressible and laminar unconfined flow around a heated square cylinder is 
investigated.  The effects of buoyancy are accounted via the Oberbeck-Boussinesq 
approximation (Tritton (1979)).  The geometry of the flow domain along with the 
dimensionless form of the governing equations and the boundary conditions show that 
the flow is dependent on five dimensionless parameters, namely, Reynolds number 
(Re), Richardson number (Ri), Prandtl number (Pr), free-stream orientation (α) with 
respect to gravity and cylinder orientation (ϕ).  The values of Reynolds number are 
chosen to be 20, 40, 60, 80, 100 and 120 respectively, which are well within the 
laminar flow regime for the flow past a square cylinder.  Richardson number values 
are chosen in the range [0, 1.6] in steps of 0.2.  The values of free-stream orientation 
are chosen in the range [0
o
, 90
o
] in steps of 10
o
 with an additional value of α = 45o.  
The Prandtl number and cylinder orientation are kept fixed at 0.7 and 0
o
, respectively. 
The governing equations of continuity, momentum and energy are discretized 
on a colocated body-fitted grid by employing finite difference method.  A simplified 
marker and cell (SMAC) type of pressure correction scheme is employed for 
advancing the discrete solution in time from a given set of initial conditions in order 
to capture the unsteady physics of the fluid flow.  In the SMAC algorithm, the flow 
field is marched forward in time using a two step predictor-corrector algorithm.  The 
time integration of momentum and energy equations in the predictor step is performed 
using a first-order Euler method to obtain the provisional velocity field and the 
temperature at the new time level.  The provisional velocity field does not satisfy the 
continuity at the new time level while the temperature field is correct (with in the 
limits of discretization accuracy or resolution).  The diffusion terms are treated in an 
implicit manner to eliminate the restriction imposed on the time step due to viscous 
effects.  The provisional velocity field obtained in the predictor step is corrected in 
corrector step such that the corrected velocity field at new time level satisfies 
continuity.  This is achieved in a vorticity preserving manner through a pressure 
correction field.  The pressure correction field is obtained by solving the pressure 
correction Poisson equation (PCPE) subject to appropriate boundary conditions at the 
inflow and outflow.  The discretization of PCPE is done by taking into consideration 
the pressure-velocity coupling issues on a colocated grid so that non-physical grid 
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scale pressure oscillations may not be permitted by the scheme, momentum 
interpolation of Rhie and Chow (1983) is utilized for this purpose.  The discrete 
pressure correction Poisson equation is solved using a nine point Stone’s strongly 
implicit procedure (SIP) (Peric (1997)).  As far as the spatial discretization is 
concerned, in the interior, a fourth-order central scheme is employed for diffusion 
terms while a hybrid scheme of fourth-order central and third-order upwind scheme 
(Kunio Kuwahara (1999)) is employed for the convection terms.  For near boundary 
points (solid boundary and artificial boundary), second-order central schemes are 
employed for both diffusion and convection terms.  Numerical experiments have been 
conducted for the parameters given as; Re = 100, Pr = 0.71, α = 0o, ϕ = 0o and Ri = 
0.0 & 1.0 to determine the proper ranges of various numerical parameters like the 
distance of the artificial boundary from the cylinder, the grid spacing and the time 
step.  It is concluded from the numerical experiments that the distances in excess of 
40, a grid of size 241x258 with near cylinder dimensionless grid spacing of 0.0137 
and a time step of 0.001 is found to be appropriate for the entire computations.  In 
order to validate the code, computations are carried out for (0
o
 ≤  ≤ 45o,  = 0o) in 
the forced and mixed convective flow regime for 0  Ri  1.2, Re = 100 and Pr = 
0.71.  The present results are found to be in good agreement with the numerical and 
experimental data reported in earlier studies. 
In the (Ri – α) space, depending on Re, bifurcations/transitions from unsteady 
to steady as well as steady to unsteady are observed as Ri is increased at a fixed α.  
The unsteady to steady transition is accompanied by suppression of vortex-shedding 
while the steady to unsteady transition is caused by initiation of vortex-shedding.  At 
Re = 20, the flow is always observed to be steady with attached vortices for any (Ri, 
α) within their ranges considered.  The neutral curves (Ric = func(α)) at different Re 
are obtained using the Stuart-Landau theory by analyzing the oscillatory flow 
amplitude data near the critical point in the unsteady regime as a function of α.  A 
phenomenological model for buoyancy induced vortex-shedding suppression or its 
initiation for mixed convective flow past heated bluff-bodies is developed that 
corroborate well with vortex-shedding suppression characteristics observed from the 
numerical data.  Analysis of data in the near wake shows that components of 
baroclinic vorticity generation rate play a central role in causing the vortex-shedding 
suppression/initiation. 
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The vortex-shedding frequency or Strouhal number (St) is observed to be 
strongly influenced by Reynolds and Richardson numbers and only weakly influenced 
by free-stream orientation.  In the forced flow regime the mean/steady coefficient of 
lift ( LC ) are found to be very low ( 0.1).  Except for aligned flow situation (α = 0
o
), 
when LC   0, the mean/steady coefficient of lift is strongly sensitive to changes in 
free-stream orientation and Richardson number and is weakly sensitive to changes in 
Reynolds number.  Similar sensitivity trends are observed for mean/steady coefficient 
of moment ( MC ).  The mean/steady drag coefficient ( D(C ) ) like mean/steady lift 
coefficient is more effectively controlled by free-stream orientation and Richardson 
number in comparison to Reynolds number.  The mean/steady Nusselt number ( Nu ) 
is found to be strongly influenced by Reynolds number and Richardson number and 
only weakly influenced by free-stream orientation. 
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CHAPTER 1                                                 INTRODUCTION 
 
The present chapter introduces the generic problem of two-dimensional flow 
past a heated or cooled bluff-body.  § 1.1 discusses in brief the controlling 
mechanisms of vortex-shedding from bluff-bodies, the passive and active control 
mechanism.  In §1.2, models for fluid flow with heat transfer is presented.  General 
aspects of the two-dimensional flow past a heated bluff-body is discussed in §1.3.  
Previous studies related to flow past a square cylinder are reported in §1.4.  The 
conclusions drawn from the review of previous studies are presented in §1.5.  The 
problem chosen in the present investigation is described, and various objectives of the 
present study are enumerated in §1.6. 
  
1.1 Introduction 
Fluid flow past a bluff-body experiences separation of flow at some point 
along the body due to the occurrence of adverse pressure gradient.  In such type of 
flows typically counter-rotating low-pressure vortices are formed on the downstream 
side of the bluff-body and, depending on the flow parameters, are shed periodically 
from either side of the body.  The study of bluff-body wakes is important from the 
point of view of applications in aerodynamics, wind engineering, design of long 
spanned bridges, and towering structures etc.  This is because the periodic force 
generated by vortex-shedding induces noise and structural vibration and under 
resonant driving conditions, the movement of the structure can become self-sustained 
leading to catastrophic affects.  A good example is the breakdown of Tacoma 
Narrows Bridge. 
In general, the methods that are employed in controlling the vortex-shedding 
from bluff-bodies can be classified as, namely, i) passive and ii) active control 
methods.  The passive methods involve the introduction of splitter plates, 
modification of body shapes, placement of control cylinders in the wake of the main 
cylinder etc. (Gerrard (1966), Anderson and Szewczyk (1997), Mittal (2003), Kumar 
et al. (2008), Razavi et al. (2008)).  The active control methods rely on; (i) the 
introduction of body forces via heating or imposing external force fields of 
electromagnetic origin or, (ii) imparting rotation or oscillatory motion to the bluff-
body (Coutanceau and Menard (1985), Stojkvic et al. (2002), Mittal and Kumar 
(2003), Chen and Aubry (2005), Seidel et al. (2009)). 
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Mixed convective flow past a bluff-body occurs when both free and forced 
convection mechanisms have significant contribution to heat transfer.  The relative 
contribution of each mechanism depends upon the flow regime (laminar or turbulent), 
relative magnitude of the fluid inertia and buoyancy forces, free-stream orientation 
with respect to gravity and shape and geometric parameters.  Convective heat transfer 
from heated or cooled bluff-bodies especially cylinders are important in many 
engineering applications such as tube banks in heat exchangers, cooling towers, heat 
transfer by extended surfaces or fins, vortex generators, high rise buildings, chimneys 
and cooling of electronic components etc.  Heat transfer and fluid flow scenarios past 
a bluff-body are generally either internal (confined) or external (unconfined).  Various 
levels of approximation are employed in modelling of fluid flow phenomenon with 
heat transfer.  A brief summary in this regard is presented in the next section. 
 
1.2 Models for fluid flow with heat transfer 
The various models for fluid flow with heat transfer can be broadly classified 
into two categories: 
1) Incompressible flow model, 
2) Compressible flow model. 
In dealing with flows that involve negligible volumetric straining effects in 
individual fluid particles, an incompressible flow model is employed.  Flows of 
liquids and low speed flows of gases, subjected to small-scale temperature variations 
represent the physical scenario that can be appropriately described by incompressible 
models.  The most popular in these type of models is the Oberbeck-Boussinesq 
model.  In this model one treats the density as a variable so as to only give rise to a 
thermal buoyancy force in the presence of an external imposed force field like gravity. 
The effects of temperature variations on various transport and thermo-physical 
properties like viscosity, thermal diffusivity and specific heats are neglected.  In 
contrast, flows that experience significant volumetric straining effects in individual 
fluid particles, must be modelled by a compressible flow model.  Flows of liquids and 
even low speed flows of gases that are subjected to large-scale temperature variations 
are examples of flow scenarios that warrant the use of a compressible flow model for 
modelling their flow physics.  High speed flows of gases invariably necessitate the 
use of a compressible flow model owing significant pressure-compressibility effects.  
Further the viscous dissipation in the energy equation is negligible. 
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1.3 Two-dimensional flow past a heated bluff-body: general aspects 
Fig. 1.1 depicts an arbitrary shaped bluff-body kept in a free-stream.  The 
approaching free-stream has a velocity magnitude „U∞‟ oriented at a certain angle „‟ 
with the line of action of the gravity vector.  If the temperature of the cylinder and the 
fluid are not equal then exchange of heat takes place between them.  The temperature 
differences arising out of the heat exchange give rise to buoyancy forces in the 
presence of gravity.  The buoyancy force would act along the positive y direction if 
the fluid is heated by the body and vice-versa if the fluid is cooled by the body. 
 
Fig. 1.1 A generic scenario of two-dimensional flow past a heated or cooled bluff-
body 
The flow dynamics past a heated or cooled bluff-body in the two-dimensional 
mixed convection regime modelled via the Oberbeck-Boussinesq model is 
characterized by five dimensionless parameters given as, 
(i) Reynolds number (Re) = 
o
U d

,  (ii) Richardson number (Ri) = s
2
g (T T )d
U


 
, (iii) 
Prandtl number (Pr) = o
o


,  (iv) Free-stream orientation with respect to gravity = α  
and (v) Bluff-body orientation (geometric orientation) with respect to the x-axis = .  
(for rotationally unsymmetric bodies) 
x 
y 
U∞  
Ts ≠ T∞ 
g 
o 
A 
A 
 
 
 
, T 
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In the above mentioned dimensionless numbers, d is the characteristic length 
scale of the body, g  is the gravitational intensity,   is the co-efficient of volume 
expansion of the fluid, Ts is the uniform bluff-body surface temperature, T∞ is the 
free-stream fluid temperature, o  and o  are the kinematic viscosity and thermal 
diffusivity at some reference temperature To which can be chosen to be the free-
stream fluid temperature T∞.  For flows without heat transfer or forced convective 
flows the free-stream orientation α and geometric orientation  do not behave as 
independent parameters. 
The phenomenon of fluid flow and vortex-shedding as far as two-dimensional 
mixed convective flows are concerned, has been studied mostly in the context of 
square and circular cylinders.  In the section (§ 1.4) to follow, a brief literature survey 
of earlier studies involving isothermal flows (without heat transfer), forced / mixed 
convective flows past square/circular cylinders is presented. 
 
1.4 Literature review 
The generic problem of two-dimensional mixed convective flow past a 
heated/cooled square cylinder involving the effects of free-stream orientation () and 
buoyancy (Richardson number (Ri)) together has received very little attention.  Most 
of the earlier studies on mixed convective flow past bluff-bodies have considered 
either the cross-flow ( = 90o) configuration or the configuration in which the 
buoyancy forces are aligned ( = 0o or 180o) with the direction of the free-stream 
(aiding/opposing).  Further, either the circular cylinder or the square cylinder has been 
considered as the representative bluff-body geometry.  The case of square cylinder is 
much more complicated than the circular cylinder owing to the sensitivity of the flow 
dynamics to the free-stream orientation even in the forced convective flow regime.  
Figure 1.2 depicts flow past a square cylinder with geometric orientation  (cylinder 
is shown by dotted lines) and without cylinder orientation (shown by firm lines) in 
two-dimensional flow regime. 
A brief literature survey on flow past a square cylinder without heat transfer is 
presented in § 1.4.1.  In § 1.4.2 a brief summary of earlier studies involving forced 
convective flow past a square cylinder is presented.  Finally § 1.4.3 presents a report 
on earlier efforts in investigating mixed convective flow past a square cylinder. 
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Fig. 1.2 Two-dimensional flow past a square cylinder with and without geometric 
orientation  
 
1.4.1 Flow past a square cylinder without heat transfer 
Norberg (1993) investigated experimentally the flow of air around fixed 
rectangular cylinders for the conditions ( = 90o, 0o ≤  ≤ 90o).  Reynolds numbers 
(Re) were ranging from 400 to 30000.  Blockage ratio (BR = B/H = edge of 
cylinder/height of channel) and aspect ratio (AR = L/B = length of cylinder/edge of 
cylinder) were considered less than 5% and greater than 50.  The side ratio (SR = A/B 
= width of cylinder/edge of cylinder) was ranging from 1 to 5.  It was found that the 
cylinder orientation and side ratio influences the flow due to the reattachment and 
shear/edge interactions. 
Sohankar et al. (1998) reported an unsteady, incompressible two-dimensional 
flow of air around a square cylinder at  = 90o, 0o ≤  ≤ 45o, 45 ≤ Re ≤ 200 and 2.5% 
≤ BR ≤ 5%.  The onset of vortex-shedding for cylinder orientation () of 0o, 10o, 20o, 
30
o
 and 45
o
 was found to occur at a critical Reynolds number ( cRe ) of 51.2, 51.0, 
48.7, 44.0 and 42.0 respectively at BR = 5%.  They also reported that at the outlet of 
the computational domain convective Sommerfeld boundary condition (CBC) was 
more effective than the Neumann boundary condition (NBC), in reducing the CPU 
time and upstream influence from the outlet. 
U 
x 
y 
 
d 
 
o 
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Sohankar et al. (1999) carried out a direct numerical simulation of two-
dimensional (2D) and three-dimensional (3D) unsteady flow around a square cylinder 
at  = 90o,  = 0o, BR = 5.6% for the range of Reynolds number 150 ≤ Re ≤ 500.  
They reported that the simulations carried out indicated a transition from 2D to 3D 
vortex-shedding flow between Re = 150 and Re = 200.  Both spanwise instability 
Modes, Mode A and Mode B, were present in the wake transitional process, the 
transitional flow around a square cylinder exhibited a phenomenon of distinct low-
frequency force pulsations (Re = 200 - 300). 
Saha et al. (2000) studied numerically the incompressible, unsteady, two-
dimensional flow of air past a square cylinder at  = 90o,  = 0o, BR = 10% for 40 ≤ 
Re ≤ 800.  They found that the flow past a square cylinder undergoes a sequence of 
transitions from a steady pattern up to a Reynolds number of 40 to a chaotic one 
around a Reynolds number of 600.  Transition to chaos was manifested through a 
quasi-periodic route that included the frequency locking phenomenon. 
Breuer et al. (2000) investigated numerically the confined flow of air around a 
two-dimensional square cylinder mounted inside a plane channel by two different 
techniques, the lattice-Boltzmann automata (LBA) and the finite volume method 
(FVM) at BR = 1/8,  = 90o,  = 0o for the range of Reynolds number 0.5 ≤ Re ≤ 300.  
They reported that for steady flow (Re  60) excellent agreement between LBA and 
FVM results were found for the length of the recirculation region, small deviations 
were found for drag coefficient in the lower Re range.  They also reported that both 
LBA and FVM techniques showed a local maximum of Strouhal number at about Re 
= 150 to 160. 
Luo et al. (2003) investigated experimentally the wake transition regime in 
square cylinder flow of air for a free-stream orientation  = 90o and a cylinder 
orientation  = 0o and aspect ratio AR = 225 at Reynolds number range 120 ≤ Re ≤ 
500.  They reported that Mode A and Mode B instabilities were present at a critical 
Reynolds number of approximately 160 and 200 respectively, no hysteresis 
phenomenon was detected in the transition to Mode A instability. 
Saha et al. (2003) numerically investigated the spatial evolution of vortices 
and transition to three-dimensionality in the wake of a square cylinder for the 
conditions ( = 90o,  = 0o, BR = 10% and 150  Re  500).  They found that the flow 
in the wake was unsteady with a strong periodic component, transition to three-
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dimensionality occurred at a Reynolds number between 150 and 175.  The 
dimensionless spanwise wavelengths corresponding to Mode A and Mode B was 
found to be 3 (at Re = 175) and in the range 1.2–1.4 (at Re = 250) respectively. 
Dutta et al. (2003) experimentally investigated the flow of air around a square 
cylinder placed at various cylinder orientations with respect to the approach fluid 
velocity for a free-stream orientation of 90
o
, AR = 15, Reynolds number 1340, 4990 
and 9980, the cylinder orientation was ranging from 0
o
 to 60
o
.  They found that for 
cylinder orientations greater than 0
o
 the separation was delayed upto cylinder corners 
on the downstream side, the size of the wake was increased and the separated shear 
layer rolls up over a shorter distance leading to a reduced drag coefficient and a 
higher Strouhal number. 
Cheng et al. (2007) investigated numerically the two-dimensional 
incompressible linear shear flow over a square cylinder at a free-stream orientation  
= 90
o
, cylinder orientation  = 0o for the range of Reynolds number and shear rate 50 
≤ Re ≤ 200 and 0 ≤ K ≤ 0.5.  It was found that the vortex shedding and wake 
development behind the cylinder were significantly dependent on both the magnitude 
of the shear rate and the Reynolds number.  The lift and drag force exerted on the 
cylinder was found to decrease with increase in shear rate and Reynolds number.  It 
was also found that the frequency of vortex-shedding decreases with increase in shear 
rate with the vortex-shedding disappearing completely when the shear rate crossed a 
critical value that depends on the Reynolds number. 
Camarri and Giannetti (2007) studied numerically the incompressible, two-
dimensional laminar flow around a square cylinder symmetrically positioned in a 
channel for the conditions ( = 90o,  = 0o, 1/10 ≤ BR ≤ 1/6 and Re ≤ 2000).  It was 
shown that the wake inversion was depending on the amount of vorticity induced into 
the flow, the inversion length was found to decrease as the amount of incoming-flow 
vorticity was increased.  It was also shown that the distance from the cylinder at 
which the von Kármán vortex street inverts decreases monotonically with increase in 
either Re or BR. 
Luo et al. (2007) investigated experimentally the transition phenomenon in the 
wake of a square cylinder at  = 90o,  = 0o with the range of aspect ratio and 
Reynolds number 34 ≤ AR ≤ 68 and 60 ≤ Re ≤ 380.  They reported that the Mode A 
instability was due to the joint-effects of the deformation of primary vortex cores and 
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the stretching of vortex sheets in the braid region, and the Mode B instability was 
originated from the “imprinting” process.  The wavelengths of the streamwise vortices 
in Mode A and Mode B regimes were found to be 5.1 (±0.1)D, 1.3 (±0.1)D and 1.1 
(±0.1)D at Re = 183 (Mode A), 228 and 337 (both mode B) respectively. 
Lankadasu and Vengadesan (2008) numerically analyzed the incompressible, 
unsteady, two-dimensional linear shear flow across a square cylinder for the 
conditions ( = 90o,  = 0o, 35 ≤ Re ≤ 47, BR = 6.25% and 10%).  Numerical 
simulations were carried out for three sets of shear parameters (K), 0.0, 0.1 and 0.2.  It 
was shown that with increasing shear, the critical Reynolds number, at which the flow 
becomes time dependent was reduced.  It was also shown that the mean drag 
coefficient decreases either with increase in shear for a particular Reynolds number or 
with increase in Reynolds number for a particular shear parameter. 
Sheard et al. (2009) investigated numerically the wake behind square cylinders 
for various cylinder orientation and Reynolds number to elucidate the three-
dimensional stability and dynamics at  = 90o, 0o ≤  ≤ 45o and 50 ≤ Re ≤ 300.  It was 
found that the first occurring instability was Mode A for 0
o
 ≤  ≤ 12o and 26o ≤  ≤ 
45
o
, and Mode C for 12
o
 ≤  ≤ 26o.  The critical Reynolds number ( cRe ) for the first 
occurring three-dimensional instability was varied from cRe  = 164 at  = 0
o
 to cRe  = 
116 at  = 45o.  At α = 0o, a quasi-periodic mode was detected at wavelengths 
between those of Mode A and Mode B. 
Yoon et al. (2010) studied numerically the two-dimensional and three-
dimensional characteristics of cross-flow of air (α = 90o) past a square cylinder in the 
laminar flow regime with the range of Reynolds number and cylinder orientation 5 ≤ 
Re ≤ 150 and 0o ≤  ≤ 45o.  The critical Reynolds number for periodic vortex-
shedding was computed for each cylinder orientation using Stuart-Landau equation.  
The maximum and the minimum critical Reynolds number were found to be 45 and 
39 at  = 5o and 45o, respectively.  The maximum mean drag for unsteady and steady 
flow was found at  = 45o and 0o respectively, at a given Reynolds number. 
 
1.4.2 Forced convective flow past a square cylinder 
The movement of fluid particles in the forced convection mechanism, whether 
it is a gas or a liquid, results from external forcing imposed on the fluid particles.  
Forced convection is a mechanism or type of heat transport in which motion of fluid 
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particles is sustained by an external source.  It is one of the main methods of useful 
heat transfer as significant amount of heat energy can be transported very efficiently. 
Sharma and Eswaran (2004a) investigated numerically the two-dimensional 
flow structure and heat transfer characteristics of an isolated heated square cylinder in 
cross-flow for the conditions ( = 90o,  = 0o, Pr = 0.7, BR = 5%, 1 ≤ Re ≤ 160), with 
negligible viscous dissipation.  They found that the flow was steady for Re ≤ 40 and 
unsteady periodic flow for Re ≥ 50.  Three different critical Re values were found: the 
first was the onset of separation between Re = 1 and Re = 2, the second was the onset 
of vortex shedding (with trailing-edge separation) between Re = 40 and Re = 50, and 
the third was the onset of leading-edge separation between Re = 100 and Re = 110.  
They also found that the cylinder average Nusselt number was increased 
monotonically with increase in Reynolds number. 
Rahnama and Hadi-Moghaddam (2005) numerically studied the two-
dimensional unsteady laminar flow past a heated square cylinder mounted inside a 
plane channel with a blockage ratio (BR) of 1/8 for  = 0o,  = 90o, Pr = 0.7 and 10 ≤ 
Re ≤ 200 at Ri = 0.0032 (mixed convection effects was restricted (Turki et al. 
(2003))).  They reported that a steady flow was observed for Re < 50 and an unsteady 
flow was observed for Re > 60.  Increase in recirculation length and decrease in drag 
coefficient with increase in Reynolds number for steady flows were also observed.  
They also reported for unsteady flows that the time averaged Nusselt number and 
time-averaged drag coefficient were increased with increase in Reynolds number. 
Sharma and Eswaran (2005a) investigated numerically the two-dimensional 
flow structure and heat transfer characteristics of a square cylinder in cross-flow ( = 
90
o
) for both unconfined (BR = 0) and channel-confined (10%  BR  50%) flow 
situations at Reynolds number of 50, 100 and 150, Pr = 0.7 and  = 0o.  In their study 
the viscous dissipation effects were neglected.  It was shown that, as the blockage 
ratio increases, the Reynolds number for the onset of vortex-shedding increases and 
then decreases.  Increase in blockage ratio also increases the drag coefficient, cylinder 
Nusselt number, Strouhal number and pumping power. 
Dhiman et al. (2005, 2006) studied numerically the two-dimensional flow and 
heat transfer characteristics of an isolated square cylinder in cross-flow ( = 90o) at  
= 0
o
, 1 ≤ Re ≤ 45, 0.7 ≤ Pr ≤ 4000, 1/20  BR  1/4, for considering the maximum 
value of Pe = 4000 with negligible viscous dissipation.  They found that the average 
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Nusselt number was increased monotonically with increase in Reynolds number 
and/or Prandtl number.  Heat transfer correlations were obtained for constant 
temperature and constant heat flux cases over the range of physical parameters 
considered. 
Dutta et al. (2008) experimentally investigated the effect of orientation of a 
square cylinder and the role of aspect ratio in determining the wake properties at  = 
0
o
, Re = 410, Pr = 0.7, BR ˂ 7%, 0o ≤  ≤ 45o, AR = 16 and 28.  They reported that 
the time averaged drag coefficient and the associated Strouhal number were found to 
be minimum and maximum, respectively, at a cylinder orientation of 22.5
o
.  They also 
reported that the drag coefficient was decreased and the Strouhal number was 
increased with increase in aspect ratio. 
Ranjan et al. (2008) studied numerically the two-dimensional flow and heat 
transfer around a square cylinder for the conditions ( = 90o, BR = 7.14%, Pr = 0.7, 
10
o
 ≤  ≤ 45o, 60 ≤ Re ≤ 150).  It was found that with increase in cylinder orientation, 
the points of flow separation on the cylinder surface moved significantly leading to a 
fully separated flow in the range 5
o
    20o.  They also found that the Strouhal 
number and time average Nusselt number was increased with increase in Reynolds 
number and cylinder orientation. 
Sahu et al. (2009) investigated numerically the effects of Reynolds and Prandtl 
numbers on the rate of heat transfer from a heated square cylinder in the unsteady 
two-dimensional periodic flow regime at 60 ≤ Re ≤ 160, 0.7 ≤ Pr ≤ 50, BR = 5%,  = 
0
o
 and  = 90o.  The maximum value of Peclet number used in their study was 4000.  
The thermophysical properties were assumed to be independent of temperature and 
further there was no viscous dissipation.  They reported that the local and time mean 
Nusselt numbers were increased with increase in Reynolds and Prandtl numbers 
respectively.  They also reported that for identical conditions, constant heat flux case 
had higher time mean Nusselt number in comparison with constant temperature case. 
 
1.4.3 Mixed convective flow past a square cylinder 
It is well known fact that the density difference in the fluid caused by thermal 
effects generates buoyancy forces in the fluid in the presence of an externally imposed 
body force field like gravity.  These buoyancy forces affect the flow dynamics in a 
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complex manner by regulating both the particle linear momentum and the particle 
vorticity (baroclinic effects). 
Turki et al. (2003) investigated numerically the two-dimensional unsteady 
flow field and heat transfer characteristics in a horizontal channel ( = 90o) with a 
built-in heated square cylinder using Boussinesq approximation for the conditions 
(BR = 1/4 and 1/8, 62 ≤ Re ≤ 200, 0 ≤ Ri ≤ 0.1, Pr = 0.71,  = 0o).  They found that 
the Strouhal number varies monotonically with increase in Reynolds number, and was 
found to be maximum at Re = 130 and 150 for blockage ratios (BR) of 1/8 and 1/4 
respectively.  The Nusselt number was found to increase with increase in Richardson 
number. 
Sharma and Eswaran (2004b) studied numerically the two-dimensional flow 
and heat transfer characteristics around a square cylinder maintained at a constant 
temperature for (α = 0o, o considering the effect of aiding (Ri > 0) and opposing 
(Ri < 0) buoyancy, at Re = 100, Pr = 0.7, and-1 ≤ Ri < 1.  They neglected the viscous 
dissipation term in energy equation.  The vortex-shedding suppression was found to 
occur at a critical Richardson number of 0.15. 
Bhattacharyya and Mahapatra (2005) studied numerically the influence of 
buoyancy on vortex-shedding and heat transfer from a two-dimensional cylinder of 
square cross-section exposed to a horizontal stream (α = 90o) via the Boussinesq 
approximation for 100 ≤ Re ≤ 1400, 0 ≤ Ri≤ 1 at Pr = 0.72.  They found that the 
centerline symmetry of the wake was lost and the cylinder experiences a mean 
downward lift when the buoyancy effect was considered.  Vortex-shedding 
suppression was not observed for any value of Ri. 
Sharma and Eswaran (2005b) studied the effect of channel-confinement of 
various degree (blockage ratio of 10%, 30%, and 50%) on the two-dimensional 
upward flow (α = 0o) and heat transfer characteristics around a heated/cooled square 
cylinder by considering the aiding/opposing buoyancy at -1 ≤ Ri ≤ 1, for Re = 100, Pr 
= 0.7 and (α = 0o,  The viscous dissipation term in energy equation was 
neglected.  It was shown that with increasing blockage ratio, the minimum heating 
(critical Ri) required for the suppression of vortex-shedding decreases up to a certain 
blockage ratio (= 30%), but thereafter increases.  At a constant blockage ratio (= 
30%), the value of Ri at which vortex-shedding is suppressed increases with Re. 
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Singh et al. (2007) investigated experimentally the wakes behind heated 
circular and square cylinders ( = 0o) by a Schlieren Interferometry for α = 0o.  The 
aspect and blockage ratios for circular and square cylinders were considered 65 and 
1.55%, 60 and 1.68%, respectively.  For a circular cylinder, the disappearance of 
vortex-shedding was observed at Ri = 0.122 for Re = 94 and at Ri = 0.157 for Re = 
110.  The critical Ri values for a square cylinder were reported as 0.107, 0.121, 0.140, 
0.155, and 0.171 at Re = 87, 94, 103, 109, and 118, respectively. 
Perng and Wu (2007) studied numerically the effect of aiding/opposing 
buoyancy on the turbulent flow field and heat transfer across a two-dimensional 
square cylinder in a vertical channel for Re = 5000,  = 0o,  = 0o, Pr = 0.71, -1 ≤ Ri ≤ 
1 and BR = 10%, 30% and 50%.  The maximum and minimum time mean Nusselt 
number were found to be 49.91% and 19.00% for blockage ratio of 50% and 30% at 
Richardson number of -0.25 and -1, respectively. 
Dhiman et al. (2008) studied numerically with in the Boussinesq 
approximation the effects of cross buoyancy and Prandtl number on the flow and heat 
transfer characteristics of an isothermal heated square cylinder confined in a two-
dimensional channel at BR = 0.125,  = 0o,  = 90o, 1 ≤ Re ≤ 30, 0.7 ≤ Pr ≤ 100 and 0 
≤ Ri ≤ 1.  They found that the drag coefficient was less sensitive to Richardson 
number than lift coefficient. 
Kakade et al. (2010) studied experimentally the joint influence of buoyancy 
and cylinder orientation for a square cylinder on vortex-shedding and wake 
characteristics at Re = 56, 87, 100 for 0.031 ≤ Ri ≤ 0.291, α = 0o, and 0 ≤ ≤ 45o.  
They showed that at a Reynolds number of 56 and an incidence angle of 0
o
, vortex-
shedding was absent at all Richardson numbers.  At Reynolds numbers of 87 and 100 
and Ri ≠ 0, regular vortex-shedding was observed for all incidence angles.  However 
at higher Richardson numbers, vortex-shedding was suppressed. 
Chatterjee (2012) investigated numerically the effects of buoyancy in cross-
flow (α = 90o) around circular and square cylinders in the two-dimensional laminar 
flow regime at a fixed Pr = 0.7 and blockage ratio BR = 0.05 with constant 
thermophysical properties.  The Reynolds and Richardson numbers were considered 
in the range 10  Re  40 (subcritical range) and 0  Ri  2.  It was observed that 
buoyancy when increased beyond a threshold value could induce vortex-shedding.  It 
was also observed that the critical Richardson number for onset of vortex-shedding 
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was always higher for the circular cylinder in comparison to its square counterpart.  
The critical Richardson number for the onset of vortex-shedding was found to 
decrease with increase in Reynolds number, frequency of vortex-shedding was 
increased with Re and Ri beyond its critical value. 
Chatterjee and Mondal (2012) investigated numerically with Boussinesq 
approximation the effect of aiding/opposing buoyancy on the two-dimensional 
upward flow (α = 0o) and heat transfer around a heated/cooled cylinder of square 
cross-section at Pr = 0.7, 50  Re  150, –1  Ri  1 and BR = 2% and 25%.  They 
found that the Strouhal number was increased with increase in heating and suddenly it 
was reduced to zero at some critical Richardson number.  The critical Richardson 
number was found to increase with increase in Reynolds number for a particular 
blockage ratio.  It was also reported that the critical Richardson number was reduced 
with increase in blockage ratio. 
Dhiman et al. (2013) studied numerically the confined steady upward flow (α 
= 0
o
) and heat transfer around a square cylinder under the effect of aiding buoyancy in 
the vertical channel with in the Boussinesq approximation for the conditions (0  Ri  
1, 1  Re  40, 25%  BR  50%, Pr = 0.7).  The onset of flow separation was found 
to occur between Re = 2 and 3 for BR = 25% and 30%, and between Re = 3 and 4 for 
BR = 50%, irrespective of the value of Ri.  The total drag coefficient was found to 
decrease with increase in Re and it increases with increase in Ri and BR.  The surface 
mean Nusselt number was increased with increase in Re and Ri. 
Yang and Wu (2013) investigated numerically the effect of aiding/opposing 
buoyancy and side ratio on the two-dimensional flow and heat transfer characteristics 
across a heated/cooled rectangular cylinder at α = 0o, 0.5  SR  2, -1  Ri  1, Re = 
100 and Pr = 0.7.  They adopted the Boussinesq approximation in their study.  They 
observed the breakdown of von Kármán vortex street and suppression of vortex-
shedding at a critical Richardson number of 0.15 for SR = 1 (i.e. square cylinder), the 
critical Richardson number was found to decrease monotonically with increase in side 
ratio.  The Strouhal number was increased with increase in Richardson number at a 
constant side ratio while for a constant Richardson number the Strouhal number 
decreased monotonically with increase in side ratio in the unsteady flow regime. The 
drag coefficient was found to increase with increase in aiding or opposing buoyancy, 
 14 
except for SR = 0.5, at which the drag coefficient was decreased with increase in 
opposing buoyancy. 
 
1.5 Conclusion from literature survey 
From the literature survey, the following gaps are identified: 
1) None of the earlier studies focus on determining the neutral curves separating the 
steady and the unsteady flow regimes in the Ri- plane at fixed Re and Pr values. 
2) The physical mechanism of onset of vortex-shedding and the suppression of 
vortex-shedding by buoyancy effects is not clearly understood, though, in some of the 
earlier studies, the baroclinic vorticity generated by buoyancy is believed to be 
responsible for vortex-shedding suppression. 
3) The effects of free-stream orientation, „α‟ and thermal buoyancy together on the 
flow dynamics, heat transfer characteristics, aerodynamic characteristics (lift, drag 
and moment coefficients) and vortex-shedding frequency (Strouhal number) in an 
unconfined two-dimensional mixed convective laminar flow past a square cylinder 
have not been investigated in detail. 
 
1.6 Problem specification and objectives 
The problem of flow past a square cylinder with mixed convective heat 
transfer at low Reynolds number with arbitrary free-stream orientation () has 
surprisingly not found much attention in literature even in two space dimensions.  
Most of the earlier studies have been concerned with the circular cylinder case under 
confined (internal) and unconfined (external) flow conditions.  In contrast to the 
overwhelming number of publications on the flow past circular cylinders, the square 
counterpart has not been investigated to the same extent, although it plays a dominant 
role in many technical applications.  A few of the earlier studies dealing with square 
cylinders have focused on the confined as well as the unconfined flow scenarios but 
largely without heat transfer.  Lately few studies with convective heat transfer in the 
mixed convection regime have also appeared in the literature (Turki et al. (2003), 
Sharma and Eswaran (2005b), Singh et al. (2007), Perng and Wu (2007), Dhiman et 
al. (2008), Kakade et al. (2010), Chatterjee (2012), Chatterjee and Mondal (2012), 
Dhiman et al. (2013), Yang and Wu (2013)). 
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The main aim of the present study is to investigate the dynamics of two-
dimensional laminar mixed convective flow of air (Pr = 0.71) past a square cylinder in 
the parametric space of (Re, Ri, α).  The ranges chosen for Reynolds number, 
Richardson number and free stream orientation in the current investigation are 20  
Re  120, 0  Ri  1.6 and 0o  α  90o at a fixed cylinder orientation  = 0o.  The 
investigation would be carried out numerically within the frame work of Boussinesq 
approximation.  The geometry of the proposed problem is shown in Fig. 1.3.  The 
flow physics of such class of problems is not well understood, in particular, as regards 
to effects of buoyancy (Ri) and free-stream orientation () together.  In Fig. 1.3 Fx 
and Fy are respectively the associated forces/span in x and y directions, FL and FD are 
the lift and drag forces with free-stream orientation ().  , U, d and g respectively, 
are the cylinder orientation, free-stream velocity, edge of square cylinder and 
gravitational intensity. 
Fig. 1.3 Geometry of two-dimensional flow past a heated square cylinder 
 
The specific aims of the present study are given as, 
1. The present study focuses on the active control mechanism that involves 
heating of the bluff-body in order to control the vortex-shedding phenomenon. 
 
g 
x, Fx 
U 
y, Fy 
 
d 
FD 
FL 
, T 
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2. The present study also aims to determine the neutral curves in Ri-α plane that 
separate the steady and unsteady flow regimes for the range of subcritical and 
supercritical Reynolds numbers chosen for the present study. 
3. The effects of free-stream orientation and buoyancy together on fluid 
dynamics, heat transfer characteristics, aerodynamic parameters and vortex-
shedding frequency in an unconfined mixed convective flow past a heated 
square cylinder will be investigated in detail. 
In the next chapter, mathematical formulation of the problem, and numerical 
details with inflow, outflow and solid boundary conditions have been discussed in 
detail.  Parametric space, sensitivity to numerical parameters and validation studies in 
the forced and mixed convective flow regimes are also presented. 
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CHAPTER 2        PROBLEM FORMULATION AND METHODOLOGY 
 
The present chapter comprises of six sections.  Formulation of the problem 
considered within the framework of Oberbeck-Boussinesq approximation along with 
the physical boundary and initial conditions is presented in § 2.1.  In § 2.2 numerical 
details such as grid structure, numerical scheme and artificial boundary conditions are 
discussed in detail.  Section 2.3 presented the various dimensionless output 
parameters chosen for the present investigation.  Sensitivity to numerical parameters 
such as location of artificial boundary, grid size and time step are discussed in § 2.4.  
In § 2.5 validation studies are performed in the forced and mixed convective flow 
regimes.  Brief summary of the present chapter is presented in § 2.6. 
 
2.1 Mathematical formulation 
In the present study the unconfined flow field around a square cylinder is 
taken to be two-dimensional, unsteady, viscous, incompressible and laminar.  The 
effects of buoyancy are accounted via the Oberbeck-Boussinesq approximation 
(Tritton (1979)).  In Oberbeck-Boussinesq approximation the variation of fluid 
properties such as viscosity, thermal diffusivity and specific heat with temperature 
other than density are ignored completely.  For small scale heating one neglects the 
material derivative of density in continuity equation, treats density as constant in local 
and convective terms of the momentum equations.  The density is variable only in the 
gravity term (body force in the vertical momentum equation).  Further the viscous 
dissipation in the energy equation is neglected. 
The rate of change of density with temperature is expressed as follows, 
1 d
.
dT

  

                         (2.1) 
For small variation of temperature, ‘ ’ can be taken to be constant resulting in the 
linearized density-temperature relations, 
 o o oT T .                  (2.2) 
where,  is the co-efficient of volume expansion at a reference temperature, o  and 
oT  are the reference density and reference temperature.  The free-stream density (  ) 
and the free-stream temperature ( T ) are chosen as the reference density and 
reference temperature for the present investigation. 
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2.1.1 Governing equations with Oberbeck-Boussinesq approximation 
The governing equations of mass, moment and energy subjected to Oberbeck-
Boussinesq approximations are given as follows, 
Continuity Equation: 
.V 0, 

              (2.3) 
Momentum Equation: 
 2
DV 1
P V g T T ,
Dt
 

       


 
           (2.4) 
Energy Equation: 
2T V. T T.
t


    


             (2.5) 
where T, V

 and P are the temperature, local fluid velocity vector and pressure.  
, and      are the density, kinematic viscosity and thermal diffusivity at the 
reference free-stream temperature ( T ). 
It is depicted in Fig. 1.3 that the square cylinder at time t = 0, is kept in a free-
stream having a velocity magnitude of U∞ oriented at an angle α with respect to the y-
direction (see Fig. 1.3).  The uniform free-stream temperature is denoted as T  and 
the free-stream pressure is P∞. 
In the flow domain, the initial conditions are chosen to be the free-stream 
values given as, 
 ˆ ˆV U Sin i Cos j ,
T T ,
P P .



    



             (2.6) 
In the above relation ˆ ˆi, j  are the unit vectors along x and y directions, respectively. 
At the surface of the square cylinder the no-slip and no-penetration condition 
for the velocity component is utilized and the cylinder is taken to be at a uniform 
elevated temperature Ts.  Hence the boundary conditions at the cylinder surface are 
given as, 
sV 0, T T . 

             (2.7) 
 19 
For pressure normal momentum condition is employed at the surface of the 
square cylinder.  The undisturbed free-stream conditions would exists at infinite 
distances from the cylinder. 
 
2.1.2 Non-dimensional form of governing equations 
In order to convert the basic equations to non-dimensional form, the length, 
velocity and time scales selected are as follows, 
i) Length scale = the edge of square cylinder   ‘ d ’. 
ii) Velocity scale = the free-stream velocity magnitude   ‘ U ’. 
iii) Time scale = the residence time spent in the vicinity of the cylinder by the 
fluid particles   ‘ d / U ’. 
Dimensionless velocities and time are given as, 
u = U/U, v = V/U and  = tU/d.             (2.8) 
The changes in fluid temperature and pressure, scale as ( sT T ) and 
2
oU  
respectively, and the dimensionless temperature and pressure are accordingly defined 
as, 
2
s
T T P P
, p .
T T U
 
 
 
  
 
             (2.9) 
The dimensionless form of continuity, momentum and energy equations (Eqs. 
(2.3)-(2.5)) are obtained as, 
Continuity Equation: 
*.U 0, 

            (2.10) 
Momentum Equation: 
* *2DU 1p U Ri j,
D Re

     



          (2.11) 
Energy Equation: 
* *21U. .
Re.Pr

     


           (2.12) 
Where Re , Pr and Ri are the Reynolds, Prandtl and Richardson numbers. 
The initial conditions given via Eq. (2.6) are transformed into dimensionless 
form as, 
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ˆ ˆU Sin i Cos j,
0,
p 0.
   
 


            (2.13) 
The boundary conditions at the surface of the cylinder are given as, 
U 0, 1.0.  

            (2.14) 
Normal momentum condition is employed for pressure at the solid surface of 
the square cylinder. 
 
2.1.3 Dimensionless governing equations in body-fitted coordinates 
The basic idea of body-fitted coordinates is to replace the physical Cartesian 
(x, y) coordinates with body-fitted (, ) coordinates.  In such type of transformation 
a doubly connected domain in x-y plane can be mapped into a simple rectangular 
domain in - plane.  This is shown in Fig. 2.1. 
 
 
Fig. 2.1(a) Schematic of physical (x-y) plane and (b) computational (-) plane 
 
The flow domain in the physical x-y plane comprises of a doubly connected 
space between the square cylinder and an outer circular artificial boundary necessary 
to truncate the domain otherwise infinite domain.  In the computational - plane 
(Fig. 2.1(b)) is the mapped cylinder surface while is the mapped circular 
artificial boundary.  The physical domain is cut at BC or AD in order to map it into a 
rectangular simply connected domain ABCDA in the computational - plane 
(a) (b) 
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(Thompson et al. (1985)).  Each point (, ) inside the rectangular region is mapped 
on to a point (x, y) in the doubly connected Cartesian flow domain.  The one-one 
mapping can be notionally represented as, 
     
x x( , ),
y y( , ).
  
  
            (2.15) 
    
or
(x, y), (x, y).     
 
The dimensionless equations of mass, momentum and energy in Cartesian 
coordinates, subjected to Oberbeck-Boussinesq approximation, transformed into 
generalized body-fitted coordinates are given as follows, 
Continuity: 
x x y yu v 0,
      
        
      
          (2.16) 
x – Momentum: 
2
x x
u u u p p 1
U U u,
Re
               
     
           (2.17) 
y – Momentum: 
2
y y
v v v p p 1
U U Ri v,
Re
                
     
          (2.18) 
Energy Equation: 
21U U .
(Re.Pr)
       
  
            (2.19) 
In the above equations, (u, v) are the corresponding dimensionless Cartesian 
velocity components. The dimensionless velocity components along ξ and η 
directions are denoted as U  and U  , respectively.   These body-fitted coordinate 
velocity components are related to the Cartesian components as, 
x yU u v,
               (2.20) 
x yU u v.
               (2.21) 
The transformed Laplacian operator 2 given as, 
2 2 2
2
2 2
A 2B C P Q
    
     
    
      
involves the metrics in the form of coefficients A,B,C,P, and Q     which are given as, 
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2 2
x yA   
 , x x y yB      , 
2 2
x yC   
          (2.22a) 
and,     2 2P, Q.               (2.22b)  
where 2  is the Laplacian in the Cartesian coordinates given as, 
2 2
2
2 2x y
 
  
 
. 
 
2.1.4 Dimensionless input parameters 
The numerical experiments have been conducted for the values of the 
dimensionless numbers; Reynolds numbers, Richardson numbers and Prandtl number.  
The values of Reynolds number are chosen to be 20, 40, 60, 80, 100 and 120 
respectively, which are well within the laminar flow regime for the flow past a square 
cylinder.  Richardson number values are chosen to be 0.0, 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 
1.4 and 1.6 respectively.  The value of Prandtl number is fixed at 0.7.  The values of 
Reynolds and Richardson numbers are chosen from the point of view of physical 
realizability and can be achieved in physical experiments. 
 
2.2 Numerical Details 
In this section the methodology for a structured grid generation (O-type) and 
the grid structure, numerical scheme and boundary conditions are presented in detail.  
In §2.2.1 the grid structure is discussed.  Numerical scheme is presented in §2.2.2.  
Boundary conditions at the solid surface of the square cylinder and at the inflow and 
outflow portions on the artificial boundary are discussed in §2.2.3. 
 
2.2.1 Grid structure 
A uniform mesh in both ξ and η directions ( )    in the mapped 
computational ξ-η plane is considered.  The mesh spacing and are chosen so as 
to fix the number of mesh points in the  and  directions respectively. 
For the mapping of grid points in the physical plane, the body-fitted 
coordinates (x, y) and (x, y)   are chosen to satisfy the Laplacian equations in the 
physical domain ( P Q 0  ) given as, 
2 20, 0.                (2.23) 
These equations can be inverted/mapped to the computational (-) domain 
as, 
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2 2 2
2 2
x x x
D 2E F 0,
  
  
  
           (2.24) 
2 2 2
2 2
y y y
D 2E F 0.
  
  
  
          (2.25) 
where, D, E and F in Eqs. (2.24)-(2.25) are given as follows, 
2 2 2 2
x y x x y y x y
D ,  E   and  F .
                    
                  
                    
       (2.26) 
Equations (2.24) and (2.25) are discretized on the ( , )   uniform grid in 
the computational plane to obtain the grid in the physical plane as depicted in Fig. 2.2. 
 
Fig. 2.2(a) Structured (241x258) grid in physical (x-y) plane and (b) magnified 
view of the grid near the cylinder surface 
 
An equal number of grid points are first placed on the cylinder surface and 
then artificial boundary that matches with the number of mesh points along  
direction in the computational plane.  These known boundary points then serve as 
Dirichlet boundary condition for the system of elliptic Eqs. (2.24)-(2.25). 
The discrete solution of the Eqs. (2.24)-(2.25) require a Quasi-lineared 
approach as the equations are non-linear for the unknown Cartesian grid point 
coordinates (x, y).  In the Quasi-linearized approach the coefficients D, E and F are 
discretized employing the previous iterates while the partial derivatives 
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2 2 2 2 2 2
2 2 2 2
x x x y y y
, , , , and
     
     
 are discretized employing the current/new 
iterates via second order central finite difference schemes. 
The resulting linear algebraic system of equations are solved using standard 
Gauss-Seidel (GS) procedure to obtain the new iterates from the known previous 
values.  One Gauss-Seidel sweep is employed for both discretized Eqs. (2.24)-(2.25) 
per iteration. 
   
2.2.2 Numerical scheme 
The governing equations from (2.16) to (2.19) are discretized on a colocated, 
non-staggered body-fitted grid by employing finite difference type of spatial 
discretization.  In the interior, a fourth-order central scheme is employed for diffusion 
terms while a hybrid scheme of fourth-order central and third-order upwind scheme 
(Kunio Kuwahara (1999)) is employed for the convection terms.  For near boundary 
points (solid boundary and artificial boundary), second-order central schemes are 
employed for both diffusion and convection terms.  A simplified marker and cell 
(SMAC) type of pressure correction scheme is employed for advancing the discrete 
solution in time from a given set of initial conditions in order to capture the unsteady 
physics of the fluid flow.  The diffusion terms are treated in an implicit manner to 
eliminate the restriction imposed on the time step due to viscous effects.  The concept 
of momentum interpolation of Rhie and Chow (1983) is utilized in order to avoid grid 
scale pressure oscillations that can result, owing to decoupling the velocity and 
pressure at a grid point in a non-staggered arrangement. 
The SMAC scheme was originally developed by Amsden and Harlow (1970) 
and later on developed by Cheng and Armfield (1995).  The computational efficiency 
of SMAC scheme over the SIMPLE, SIMPLEC and PISO schemes was demonstrated 
by Kim and Benson (1992) and Cheng and Armfield (1995) for the computing of 
unsteady, incompressible flows.  Guided by the work of Kim and Benson (1992) and 
Cheng and Armfield (1995), the present work also utilizes SMAC type of pressure 
correction scheme.  The scheme is described in detail in the works of Hasan and 
Sanghi (2004) and Hasan et al. (2005). 
A brief discussion of the scheme for the sake of completeness is given in the 
text to follow. 
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A. Time integration 
At a given instant of time the flow field is marched forward in time using a 
two step predictor-corrector algorithm.  The time integration of momentum and 
energy equations in the predictor step is performed using a first-order Euler method to 
obtain the provisional velocity field at the new time level.  The provisional velocity 
field does not satisfy the continuity equation at the new time level.  The provisional 
velocity field at the new time level is then corrected in a vorticity preserving manner 
via pressure correction field in the corrector step of the predictor-corrector algorithm 
to bring the divergence of the velocity field close to zero.  Formally the predictor-
corrector algorithm is as follows: 
Predictor Step 
The guessed velocity field at each grid point (i, j) is obtained by using the 
first-order Euler time integration of momentum and energy equations with implicit 
treatment of diffusion terms.  At any grid point the discrete momentum and energy 
equations are given as, 
n n
* * n n
x x
p p
u u u H ,
Re
L
      
          
      
        (2.27a) 
n n
* * n n n
y y
p p
v v v G Ri ,
Re
L
      
            
      
      (2.27b) 
n 1 n 1 n nF .
(Re.Pr)
L 

               (2.27c) 
where superscript n and  indicates the flow field at time level n and provisional 
estimates of velocity field which do not satisfy continuity.  nH , nG  and nF  are the 
discrete values of convective terms for a grid point under consideration at time level 
n.  The symbol ‘L ’ in Eqs. (2.27a)-(2.27c) is the discrete Laplacian operator at a grid 
point.  The provisional estimates of velocity components are obtained from equations 
(2.27a)-(2.27b), and the temperature at the new time level is obtained within the limits 
of accuracy of the time integration procedure from equation (2.27c) 
Corrector Step 
The provisional velocity field obtained in the predictor step is corrected in 
corrector step such that the corrected velocity field at time level n+1 satisfies 
continuity.  The provisional velocity field is corrected in a vorticity preserving 
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manner through a pressure correction field.  These steps are illustrated in the 
discussion to follow. 
The flow field at time level n+1 that satisfies continuity is related to the 
pressure field at time level n+1 by the following equations at any grid point, 
n 1 n 1
n 1 * n n
x x
p p
u u u H ,
Re
L
 

      
          
      
         (2.28a) 
n 1 n 1
n 1 * n n n
y y
p p
v v v G Ri ,
Re
L
 

      
            
      
       (2.28b) 
The pressure gradient terms are treated implicitly in Eqs. (2.28a)-(2.28b).  The 
velocity and pressure corrections ( u , v   and p ) are defined as follows, 
 
n 1 *
n 1 *
n 1 n
u u u ,
v v v ,
p p p .



  
  
  
            (2.29) 
Subtracting Eq. (2.27a) from Eq. (2.28a) and Eq. (2.27b) from Eq. (2.28b) 
respectively, the velocity corrections are related to the pressure correction field at a 
grid point as, 
x x
p p
u ,
   
       
           (2.30) 
y y
p p
v .
   
       
           (2.31) 
The pressure correction at new time level must enforces the continuity.  This is 
achieved as follows, 
n 1
*.U 0,

 

            (2.32) 
*
*. U U 0.
 
   
 
 
           (2.33) 
The pressure correction Poisson equation using equations (2.30), (2.31) and 
(2.33) is written as follows, 
* * *
x x y y
p p p pˆ ˆ. u i v j 0,
             
                          
    (2.34) 
or        
 ** *x x y yp p p p 1ˆ ˆ. i j .U .                                  

         (2.35) 
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The pressure correction Poisson equation may be written as, 
 **x x y yp p p p 1 .U .
x y
               
                          

        (2.36) 
The operators 
x


, 
y


 are expressed as, 
x x y y, .
x y
          
                      
         (2.37) 
The pressure correction Poisson equation (PCPE) is obtained as, 
  **x x x x y y y yp p p p 1 .U .                                                     

(2.38) 
The pressure correction field is obtained in the interior from the above 
pressure correction Poisson equation subject to the conditions as proposed by Cheng 
and Armfield (1995) that are given as, 
p
Inflow and cylinder surface : 0
n
Out flow : p 0



 
           (2.39) 
where n is the local normal direction to the boundary of the domain.  In the present 
scheme the provisional velocity field obtained from the momentum equation is 
corrected by adding irrotational velocity corrections to enforce continuity at new time 
level.  It is observed from Eq. (2.30) and Eq. (2.31) that the velocity correction field is 
irrotational in character which implies that the present correction scheme is similar to 
the SMAC scheme in which provisional velocity field is corrected in a vorticity 
preserving manner.  Once the pressure correction field is obtained from Eq. (2.38), 
Eqs. (2.30)-(2.31) are used in the interior to obtain the velocity corrections and hence 
the nearly solenoidal velocity field at the new time level. 
 
B Spatial discretization 
The spatial discretization of the Eqs. (2.27a)-(2.27c), Eqs. (2.30)-(2.31) and 
Eq. (2.38) have been carried out by employing finite difference approach on a non-
staggered, colocated body-fitted mesh.  In the momentum and energy equation (Eqs. 
(2.27a)-(2.27c)), the convective terms near the boundary are discretized by employing 
a second-order central differencing scheme.  In the interior the choice of fourth-order 
central or third-order upwind scheme is made on the basis of local cell Peclet number 
(Pe).  If Pe 2 , fourth-order central differencing scheme is used otherwise Kunio 
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Kuwahara’s third-order upwind differencing scheme is used.  Kunio Kuwahara’s 
upwind differencing scheme is given as, 
k 2 k 1 k 1 k 2
k
k 2 k 1 k k 1 k 2
k
8 8
u u
12( )
4 6 4
u .
4( )
     
    
      
  
  
        
  
 
         (2.40) 
Kunio Kuwahara’s third-order upwind scheme has a fourth-order leading dissipative 
error term which provides the right amount of artificial dissipation in order to stabilize 
the computations at large convective velocities at the same time without interfering 
with the physical diffusive process (Kunio Kuwahara (1999)).  The diffusive terms 
near the boundary are discretized using a second-order three point central difference 
scheme while in the interior a fourth-order five point central difference scheme is 
employed.  The pressure gradient in the momentum equation is discretized by 
employing a second-order central difference scheme.  The details of the various 
discretization formulae are given in Appendix-1. 
The discretization of pressure correction Poisson equation (PCPE) needs to be 
handled with care.  The central-central discretization of the divergence and the 
gradient operators on L.H.S of Eq. (2.38) leads to an effective discrete equation on a 
mesh twice as coarser as the actual grid.  Also the central discretization of the right 
hand side term of pressure correction Poisson equation results in pressure-velocity 
decoupling.  The pressure-velocity decoupling leads to spurious grid scale oscillations 
(Gresho (1991), Ferziger and Peric (1996)).  In order to avoid such non-physical 
oscillations the divergence operator in Eq. (2.38) is discretized by applying values 
locations mid-way between adjacent nodes.  The provisional velocities at mid-way 
locations are obtained through momentum interpolation of Rhie and Chow (1983).  
The discrete pressure correction Poisson equation (Eq. (2.38)) is solved using a nine 
point Stone’s strongly implicit procedure (SIP) (Peric (1997)) (refer Appendix-1). 
 
2.2.3 Boundary conditions 
At the solid surface of square cylinder the no-slip and no-penetration boundary 
condition for velocity components is employed.  For temperature at the surface of the 
cylinder Eq. (2.14) is utilized.  For pressure the normal momentum equation (pressure 
gradient in  direction) is applied at the cylinder surface given as, 
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p p x p y
x y
    
 
    
 
The pressure gradients 
p p
and
x y
 
 
 at the cylinder surface are obtained through the x 
and y momentum equations, respectively. 
For applying boundary conditions at the artificial boundary, the artificial 
boundary is divided into two portions namely an inflow portion and an outflow 
portion.  This is achieved by monitoring the direction of the local normal component 
of velocity.  For an outer surface normal pointing towards the interior of flow domain 
ˆU.n 0

 indicates inflow while ˆU.n 0

 indicates outflow.  The boundary conditions 
at the inflow and outflow portions are given as follows, 
Inflow Portion 
At the inflow portion, undisturbed free-stream conditions for velocity and 
temperature given by equation (2.13) are imposed.  The normal momentum equation 
is employed to update pressure. 
Outflow Portion 
At the outflow portion, for velocities, the numerical boundary conditions 
proposed by Hasan et al. (2005) are employed.  In their work, it was shown that for 
incompressible flows, mass conservation and vorticity considerations can be utilized 
to deduce the radial decay laws for the perturbation / deviation in radial and 
circumferential velocities caused by the presence of an object in an otherwise 
undisturbed uniform stream.  They have shown that using their boundary conditions 
accurate computation can be carried out using relatively small sized flow domains.  
For the sake of completeness, a brief description of these conditions is given here.   
Consider a boundary point PB, as shown in Fig. 2.3, on the outflow portion of 
the artificial boundary.  The inflow and outflow portions can be readily identified, as 
mentioned before, by computing the existing normal component of velocity at each 
point on the artificial boundary.  The deviations caused by the presence of the body to 
the radial and circumferential components of velocity are shown to obey radial decay 
laws with a leading order term given as (Hasan et al. (2005)), 
2
r r 1
2
2
2
v v S / r
S / r if 0
v v
S / r if 0

 

  
 
  


.           (2.41) 
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Fig. 2.3 A sketch depicting the velocity boundary conditions on the outflow 
portion of the artificial boundary 
 
The free-stream local radial and circumferential components are denoted as 
rv   and v , respectively, and are readily determined from the free-stream Cartesian 
velocity components. The symbol ‘’ in Eq. (2.41) represents the circulation on the 
artificial boundary, which can be estimated from the existing velocity field.  The 
constants S1 and S2 are estimated by extracting (interpolating) the values of the 
deviations in the radial and circumferential velocity components at an interior point, 
Pi (see Fig. 2.3) in the neighbourhood of PB located on the radial line from PB.  Thus, 
the radial and the circumferential velocity components at a point on the artificial 
boundary can be determined via (2.41) as, 
       2 2r r r i B rB i Bv v v r r v    ,                               (2.42a) 
 
     
     
2 2
i Bi B
B
i Bi B
v v r r v if 0
v
v v r r v if 0
  

  
    

    
  ,                    (2.42b)    
These components can then be utilized for obtaining the Cartesian components u, v. 
For temperature a second order derivative in  direction is employed given as, 
 
r 
 
v  rv  
x 
y 
Point, PB 
α 
U∞ 
Point, Pi 
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2
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K
 


            (2.43) 
where, K2 is the magnitude of second order derivative at an interior point, Pi (refer 
Fig. 2.3), and utilizes the second order backward difference scheme (refer Appendix-
1). 
For pressure the traction free boundary condition is utilized (Cheng & 
Armfield (1995), Gresho (1991)).   It is given as, 
n1 U
p .
Re n



            (2.44) 
where n  is the local normal and nU  is the local normal velocity. 
 
2.3 Dimensionless output parameters 
From the application point of view, the effect of flow past an object or body is 
measured in terms of gross quantities like forces / moments exerted by the fluid on the 
object and the total heat transfer rate between the body and the fluid.  For the two-
dimensional problem considered, these global parameters in a non-dimensional 
framework are expressed as, 
(i) Lift coefficient, CL = y xC sin C cos  ,       
(ii) Drag coefficient, CD = x yC sin C cos  ,       
(iii) Moment coefficient 2 2M oC 2M U d ,             (2.45) 
(iv) Nusselt number, Nu =  o sQ 4k (T T ) ,       
(v) Strouhal number, St = f d U .         
where Cx, Cy are the force coefficients along x and y directions defined as,  
    
yx
x y2 2
o o
2F2F
C and C .
U d U d 
 
 
          (2.46) 
In these definitions, Fx and Fy are the forces along x and y directions per unit span of 
the cylinder respectively (Fig. 1.3).  M is the total moment exerted on the cylinder by 
the fluid per unit span.  Q is the total heat transfer rate per unit span of the cylinder, ko 
is the thermal conductivity of the fluid at the reference temperature.  The vortex-
shedding frequency is represented as ‘f’. 
The dimensionless form of force coefficients are given as follows, 
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1 1
x x y
0 0
2
C 2 J p d J d ,
Re
                 (2.47) 
   
1 1
y y x
0 0
2
C 2 J p d J d ,
Re
                 (2.48) 
     
1 1
M y x x y
0 0
2
C 2 J p x y d J x y d .
Re
                    (2.49) 
The Nusselt number is defined as, 
 
1
2 2
x y
0
1
Nu J d .
4

   

           (2.50) 
The expressions for these dimensionless output parameters have been derived using 
first principles whose details are available in Appendix-2 
 
2.4 Sensitivity to numerical parameters 
Before carrying out the numerical experiments, tests need to be carried out to 
ascertain the proper ranges of the various numerical parameters like the distance of 
the artificial boundary form the cylinder, the grid spacing and the time step.  Ideally, 
the numerical boundary conditions imposed on the artificial boundary should have 
little or no-effect on the flow field near the cylinder.  The grid size and time step 
essentially regulate the amount of accuracy with the spatial and temporal structure of 
the flow is resolved. 
The proper choice of these numerical parameters is made by carrying out a 
series of trial computations with various choices of grid size, time step and artificial 
boundary locations and the sensitivity of the dimensionless output parameters on there 
choices is studied in order to arrive at the proper values of these numerical 
parameters. 
Tests for determination of location of artificial boundary are reported in § 
2.4.1.  Grid size is studied in § 2.4.2.  The study of time step is performed in § 2.4.3. 
 
2.4.1 Location of artificial boundary 
In order to find out a suitable position for artificial boundary (Hd), such that 
the numerical boundary conditions imposed on it do not significantly affect the flow 
dynamics near the fixed square cylinder, numerical simulations are carried out on 
progressively smaller sized domains having the grid size distribution.  This is 
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achieved by truncating an initial grid having the artificial boundary fixed at a 
dimensionless distance of 120 from the center of the cylinder.  An initial grid of 
241×325 mesh points is then truncated at dimensionless distances of 100, 80, 60, 40 
and 20 from the center of the cylinder to yield six computational grids in all with 
identical grid cell size.  For each of these truncated grids, computation is performed 
for Re = 100, Pr = 0.71, Ri = 0,  = 0o and α = 0o, and the mean (time mean) lift and 
drag coefficients ( LC  and DC ) and Strouhal number are recorded.  The variation of 
the mean lift and drag coefficients and the Strouhal number with the distance of the 
artificial boundary is depicted in Fig. 2.4(a)-(c). 
 
Fig. 2.4 Influence of location of artificial boundary (Hd) on (a) coefficient of lift, 
(b) coefficient of drag and (c) Strouhal number for  = 0o,  = 0o, Re = 100 and 
Pr = 0.71 at Ri = 0 
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It is observed that for a dimensionless distance beyond 20, the changes in the 
values of lift coefficient are negligible, and the changes in the values of drag 
coefficient and Strouhal number are quite small beyond a dimensionless distance of 
40.  Therefore, distances in excess of 40 appear to be suitable for computation.  For 
the entire computations reported subsequently, the artificial boundary is located at a 
dimensionless distance of 40 from the center of the cylinder. 
 
2.4.2 Grid size and time step selection 
The effect of grid size is studied for the forced flow regime (Ri = 0) by fixing 
the far boundary at a distance of 40 from the center of the square cylinder at (Re = 
100, Pr = 0.71,  = 0o,  = 0o) and using a time step of 0.001 dimensionless units.  
Three grids having 161×179 (G1), 241×258 (G2) and 321×338 (G3) mesh points for 
the near boundary spacing of 0.0197, 0.0137 and 0.0104 respectively, are employed.  
Table 2.1 compares the mean drag coefficient ( DC ), mean Nusselt number ( Nu ) and 
Strouhal number at different grid size for free-stream orientation of 0
o
. 
 
Table 2.1 Sensitivity to grid size for square cylinder at Re = 
100, Pr = 0.71, Ri = 0 and α = 0o. 
Grid Grid Size 
Near boundary 
spacing for the 
grid 
DC  Nu  St 
G1 161 x 179 0.0197 1.4435 4.1083 0.1430 
G2 241 x 258 0.0137 1.4380 4.0511 0.1432 
G3 321 x 338 0.0104 1.4315 4.0750 0.1434 
 
In going from grid G1 to G2 the percentage change in the flow parameters like 
mean drag coefficient, mean Nusselt number and Strouhal number is 0.382, 1.411 and 
0.139, and in going from grid G2 to G3 the percentage change is 0.454, 0.589 and 
0.139 respectively.  The result clearly indicates that the change in the flow parameter 
is very small (less than 1.5%) in going from coarse grid to the fine grid.  Therefore, in 
order to save computing time, grid 241x258 (G2) is considered to be appropriate for 
computations. 
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For determining the appropriate time step, the computations have been 
performed at time steps of 0.0005 and 0.001 for Re = 100, Pr = 0.71,  = 0o and  = 
0
o
 in the forced and mixed convective flow regimes.  Mean drag coefficient, mean 
Nusselt number and Strouhal number at different time steps are compared in Table 2.2 
for Richardson number of 0 and 1.0.  In going from a time step of 0.0005 to 0.001 in 
the forced flow regime (Ri = 0), the percentage change observed in mean drag 
coefficient, mean Nusselt number and Strouhal number is 0.027, 0.846 and 0.139, 
respectively. 
Table 2.2 Time step sensitivity for  = 0o,  = 0o, Re 
= 100, Pr = 0.71 at Ri = 0 and 1.0. 
Richardson 
number 
Time step 
(τ) 
DC  Nu  St 
Ri = 0 
 
0.0005 
0.001 
1.4376 
1.4380 
4.0854 
4.0511 
0.1434 
0.1432 
Ri = 1.0 
0.0005 
0.001 
2.6027 
2.5955 
5.0087 
5.0191 
0 
0 
 
For mixed convective flow regime at Ri = 1.0, the percentage change in mean 
drag coefficient and mean Nusselt number is 0.277 and 0.207 respectively.  At a 
Richardson number of 1.0 the flow is found to be steady (St = 0).  It is therefore 
concluded from the above discussion that the smaller time step had no significant 
effect on the results (less than 1%).  Therefore a time step of 0.001 is chosen for the 
entire computations. 
 
2.5 Validation Studies 
The validation of the various numerical procedures, choice of numerical 
parameters and the code employed for numerical computations is done by comparing 
the present results in the forced and the mixed convection flow regime with those 
reported in the earlier studies.  The forced convection results are presented in § 2.5.1 
and the mixed convection results are compared in § 2.5.2. 
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2.5.1 Forced convection from a heated cylinder 
The forced flow past a fixed square cylinder ( = 0o) is considered for the 
conditions, Re = 100, Pr = 0.71, Ri = 0 and free-stream orientation 0
o
 ≤  ≤ 45o.  The 
variation of mean coefficient of lift and drag, and Strouhal number with free-stream 
orientation are obtained and compared with the available data of Sohankar et al. 
(1998) and Ranjan et al. (2008), as shown in Fig. 2.5(a)-(d).  It is to be noted that both 
Sohankar et al. and Ranjan et al. defined the Reynolds number, mean drag coefficient 
and Strouhal number using the projected size of the square cylinder, dp = d(cosα + 
sinα), along the approaching stream direction. 
 
Fig. 2.5 Variation of (a) mean coefficient of lift (b) mean coefficient of drag (c) 
Strouhal number and (d) mean Nusselt number with free-stream orientation for 
0
o
    45o at ( = 0o, Re = 100 and Pr = 0.71 and Ri = 0) 
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Therefore, the Reynolds number (Re
*
), mean lift coefficient ( *LC ), mean drag 
coefficient ( *DC ), mean Nusselt number (
*Nu ) and Strouhal number (St
*
) employed 
by them can be related to the corresponding parameters defined in the present study 
as, 
 
 
 
 
 
*
*
LL
*
DD
*
*
Re Re cos sin ,
C C cos sin ,
C C cos sin ,
Nu Nu cos sin ,
St St cos sin .
    
   
   
    
    
             (2.51) 
The numerical data of Sohankar et al. (1998) and Ranjan et al. (2008) at Re
*
 = 
100 is considered.  This requires the computations to be carried out at different values 
of Re corresponding to different values of α as given by equation (2.51).  The values 
of CD and St obtained are then converted to 
*
DC  and St
*
 again by using (2.51).  As 
depicted in Fig. 2.5, the present results are in good agreement with the data reported 
in these studies.  It is worth pointing out that in the studies by Sohankar et al. (1998) 
and Ranjan et al. (2008), the cylinder orientation  is varied.  In the forced flow 
regime, gravity is not important and hence the effect of varying the free-stream 
orientation or the cylinder orientation  is the same.  Table 2.3 compares the lift 
coefficient (r.m.s), mean drag coefficient, mean Nusselt number and the Strouhal 
number computed in the present study with the data available in the literature for the 
square cylinder at (Re = 100, Pr = 0.71, Ri = 0,  = 0o).  The data obtained from the 
present computations are in good agreement with those reported in the earlier 
numerical studies.  The slight differences are due to the differences in the numerical 
procedures and the level of accuracy of the discrete solutions.  The Strouhal number 
data is in good agreement with the values reported in the experimental studies. 
 
2.5.2 Mixed convection from a heated cylinder 
The computations are carried out for the square cylinder (α = 0o,  = 0o) in the 
mixed convection flow regime at (Re = 100, Pr = 0.71).  The Richardson number is 
varied in the range [0, 1.2] in steps of 0.2.  The flow attains stable steady states for Ri 
≥ 0.2.  The variation of mean drag coefficient and mean Nusselt number (mean values 
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for unsteady flow) with Richardson number for the square cylinder are compared with 
the available computational data of Sharma and Eswaran (2004) in Fig. 2.6. 
 
Table 2.3 Comparison of lift coefficient (r.m.s), mean drag 
coefficient, mean Nusselt number and Strouhal number for square 
cylinder at Re = 100, Pr = 0.71 and Ri = 0. 
 L,r.m.sC  DC  Nu  St 
     
Experimental 
 
    
Okajima (1998) 
α = 90o 
- - - 0.141-0.145 
Luo et al. (2003) 
α = 90o 
- - - 0.146 
     
Numerical 
 
    
Sohankar et al. (1998) 
α = 90o 
0.139 1.460 - 0.146 
Saha et al. (2000) 
α = 90o 
- 1.510 - 0.159 
Sharma and Eswaran (2004b) 
α = 0o 
0.183 1.559 4.070 0.148 
Ranjan et al. (2008) 
α = 90o 
0.190 1.449 4.124 0.145 
Yoon et al. (2010) 
α = 90o 
0.179 1.428 - - 
Present 
 = 0o 
0.175 1.438 4.051 0.143 
 
Fig. 2.6 Variation of (a) mean coefficient of drag and (b) mean Nusselt number 
with Richardson number for 0 ≤ Ri ≤ 1.2, Re = 100 and Pr = 0.71,  = 0o at   = 0o 
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It is observed that the present results are in good agreement with the data reported by 
them. 
 
2.6 Summary 
In the present chapter, the problem of two-dimensional, unsteady, viscous, 
incompressible and laminar unconfined flow field around a heated square cylinder is 
formulated. The thermal buoyancy effects are accounted via the Oberbeck-Boussinesq 
approximation.  The geometry of the flow domain along with the dimensionless form 
of the governing equations and the boundary condition chosen, show that the flow is 
dependent on five dimensionless parameters, namely, Reynolds number (Re), 
Richardson number (Ri), Prandtl number (Pr), Free-stream orientation (α) and 
Cylinder orientation (ϕ). 
A simplified marker and cell (SMAC) type of pressure correction scheme is 
employed for advancing the discrete solution in time from a given set of initial 
conditions in order to capture the unsteady physics of the fluid flow.  The diffusion 
terms are treated in an implicit manner to eliminate the restriction imposed on the 
time step due to viscous effects.  The concept of momentum interpolation of Rhie and 
Chow (1983) is utilized in order to avoid grid scale pressure oscillations that can 
result, owing to decoupling the velocity and pressure at a grid point in a non-
staggered arrangement. 
In the SMAC algorithm, the flow field is marched forward in time using a two 
step predictor-corrector algorithm.  The time integration of momentum and energy 
equations in the predictor step is performed using a first-order Euler method to obtain 
the provisional velocity field at the new time level.  The provisional velocity field 
obtained in the predictor step is corrected in corrector step such that the corrected 
velocity field at new time level satisfies continuity.  This is achieved in a vorticity 
preserving manner through a pressure correction field.  The pressure correction field 
is obtained by solving the pressure correction Poisson equation (PCPE) subject to 
appropriate boundary conditions at the inflow and outflow.  The discretization of 
PCPE is done by taking into consideration the pressure-velocity coupling issues on a 
colocated grid so that non-physical grid scale pressure oscillations may not be 
permitted by the scheme, momentum interpolation of Rhie and Chow (1983) is 
utilized for this purpose.  The discrete pressure correction Poisson equation is solved 
using a nine point Stone’s strongly implicit procedure (SIP) (Peric (1997)). 
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Numerical experiments have been conducted for the parameters given as; Re = 
100, Pr = 0.71, α = 0o, ϕ = 0o and Ri = 0 & 1.0 to determine the proper ranges of 
various numerical parameters like the distance of the artificial boundary from the 
cylinder, the grid spacing and the time step.  It is concluded from the numerical 
experiments that the distances in excess of 40, a grid of size 241x258 with near 
cylinder grid spacing 0.0137 and a time step of 0.001 is appropriate for the entire 
computations. 
In order to validate the code, computations are carried out for (0
o
 ≤  ≤ 45o,  
= 0
o
) in the forced and mixed convective flow regime for 0  Ri  1.2, Re = 100 and 
Pr = 0.71.  The present results are found to be in good agreement with the data 
reported by Sohankar et al. (1998), Ranjan et al. (2008) and Sharma and Eswaran 
(2004) in their studies. 
In the next chapter bifurcations leading to flow transitions from steady to 
unsteady or vice-versa are investigated for the parameter ranges; 20  Re  120, 0.0  
Ri  1.6 at a fixed Pr = 0.7, in order to clearly identify the steady/unsteady flow 
regimes for different Re in the Ri-α parametric space. 
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CHAPTER 3                    STEADY AND UNSTEADY FLOW REGIMES 
 
In this chapter, bifurcations leading to flow transitions from steady to unsteady 
and from unsteady to steady are investigated in the Ri-α parametric space.  The 
changes in the flow structure associated with long term statistically stationery state as 
Ri is increased at a given (α, Re) parametric setting are described in detail in §3.1.  
The bifurcations leading to transitions from unsteady to steady and vice-versa are 
identified in §3.2.  Neutral curves in the Ri-α plane separating the steady and the 
unsteady flow regimes are generated by estimating the critical Richardson number 
(Ric) representing the bifurcation point using Stuart-Landau theory.  Functional 
relations representing the neutral curves at different Re, Ric = (Re, α) are reported in 
§3.3.  The role of baroclinic vorticity generation in the cylinder wake in causing the 
suppression/onset of vortex-shedding is investigated in §3.4.  In §3.5, the Strouhal 
number data for the unsteady flows is presented.  Finally a brief summary of the 
chapter is given in §3.6. 
 
3.1 Flow structure and observed bifurcations  
In the present study, all the numerical experiments on square cylinder have 
been carried out at  = 0o and Pr = 0.71.  The Reynolds number (Re) and Richardson 
number (Ri) are varied in the ranges [20, 120] and [0, 1.6] in steps of 20 and 0.2, 
respectively.  Free-stream orientations (chosen in the present study are 0o, 10o, 
20
o
, 30
o
, 40
o
, 45
o
, 50
o
, 60
o
, 70
o
, 80
o
 and 90
o
, respectively  This results in a total of 
594 numerical simulations or experiments. 
To identify the bifurcations in the parametric space, computations are carried 
out at a fixed Re and α at increasing value of Ri.  Any change in the spatio-temporal 
flow character i.e. transition from a steady flow into an unsteady flow with vortex-
shedding or vice-versa is identified as a bifurcation.  For monitoring the spatio-
temporal flow character, instantaneous snapshots of the flowfield are generated as 
represented by streamline patterns.  The time histories of lift and drag coefficients, 
Nusselt number etc. are recorded for observing the changes in the temporal flow 
character. 
Figures 3.1, 3.2, 3.3 and 3.4 show the changes in the streamline patterns at 
four different free-stream orientations, α = 0o, 30o, 45o and 60o as Ri is increased from 
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zero at Re = 60, 80, 100 and 120 respectively.  It is seen from Figs. 3.1-3.4 that at 
zero or at low Ri the flow is found to be unsteady periodic flow with shedding of 
vortices in the wake behind the cylinder.  The flow becomes steady with increase in 
Ri (across the bifurcation point), the outcome is the suppression of vortex-shedding as 
can be seen from streamline patterns in Figs. 3.1, 3.2, 3.3 and 3.4, respectively.  For 
the range of Re considered, the bifurcations leading to transitions from unsteady flow 
to steady flow with increase in Ri. 
These changes in the spatial flow structure with increase in Ri across the 
bifurcation are accompanied by transitions between a periodic oscillatory state and a 
steady state in time.  This is depicted in the time histories of lift and drag coefficients 
for α = 0o, 30o, 45o and 60o at Re = 60, 80, 100 and 120 in Figs. 3.5, 3.6, 3.7 and 3.8 
respectively. 
Changes in the streamline patterns with increase in Ri for α = 30o, 45o, 60o and 
88
o
 at Re = 40 are shown in Fig. 3.9.  Suppression of vortex-shedding is found to 
occur with increase in Ri at α = 30o, 45o and 60o, respectively, the bifurcations leading 
to transitions from unsteady flow to steady flow.  With increase in Ri, initiation or 
onset of vortex-shedding is found to occur at α = 88o, the bifurcations leading to 
transition from steady flow to unsteady flow.  For higher Ri, the vortices are shed 
periodically in the wake at α = 88o.  Time histories of lift and drag coefficients show 
the transitions between periodic oscillatory state and a steady state in time across the 
bifurcation for α = 30o, 45o and 60o, respectively, and at α = 88o, across the bifurcation 
point shows the transition between steady state and a periodic oscillatory state as 
depicted in Fig. 3.10. 
No bifurcations are observed for Re = 20 and all flows were found to attain a 
stable steady state.  Fig. 3.11 shows the steady flow patterns at Re = 20 for different 
(α, Ri). 
 
3.2 Observed bifurcations and Analysis 
It is well known that vortex-shedding bifurcation for a flow past a stationary 
cylinder is the outcome of growth of linear unstable mode or perturbation that evolves 
in time in an oscillatory manner and the scenario is a classical supercritical Hopf 
bifurcation.  After the initial exponential growth in time, the infinitesimal unstable 
perturbation becomes finite and the non-linear self-interactions alter the exponential 
growth rate.  The growth of the amplitude of the oscillatory unstable mode in time, for 
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small amplitudes, is governed by the famous Landau equation (Drazin & Reid (1981)) 
given as, 
 2 2 4
d
A 2 A A .
d
  

                          (3.1) 
where  ,   are real constants. 
The constant ‘ ’ represents the initial exponential growth rate of the amplitude and 
‘  ’ is the Landau constant. 
 
Fig. 3.1 Instantaneous streamline patterns for various free-stream orientations at 
Re = 60 
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Fig. 3.2 Instantaneous streamline patterns for various free-stream orientations at 
Re = 80 
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Fig. 3.3 Instantaneous streamline patterns for various free-stream orientations at 
Re = 100 
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Fig. 3.4 Instantaneous streamline patterns for various free-stream orientations at 
Re = 120 
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Fig. 3.5 Temporal variation of lift and drag coefficients at Re = 60 for α = 0o, 30o, 
45
o
 and 60
o
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Fig. 3.6 Temporal variation of lift and drag coefficients at Re = 80 for α = 0o, 30o, 
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Fig. 3.7 Temporal variation of lift and drag coefficients at Re = 100 for α = 0o, 
30
o
, 45
o
 and 60
o
 
 
 
 

C
L
0 60 120 180 240 300
-1.5
-1
-0.5
0
0.5
Ri = 0.6
Ri = 0.8
Ri = 1.0
Ri = 1.2
Re = 100
  


C
L
0 50 100 150 200
-0.3
-0.15
0
0.15
0.3
Ri = 0.0
Ri = 0.1
Ri = 0.2
Ri = 0.4
Re = 100
  


C
L
0 25 50 75 100
-1.8
-1.2
-0.6
0
0.6
1.2
Ri = 0.4
Ri = 0.6
Ri = 1.0
Ri = 1.2
Re = 100
  


C
L
0 50 100 150
-1.5
-0.75
0
0.75
Ri = 0.8
Ri = 1.0
Ri = 1.2
Ri = 1.4
Re = 100
  


C
D
0 60 120 180 240 300
2.3
2.4
2.5
2.6
Ri = 0.6
Ri = 0.8
Ri = 1.0
Ri = 1.2
Re = 100
  


C
D
0 50 100 150 200
0.5
1
1.5
2
2.5
Ri = 0.0
Ri = 0.1
Ri = 0.2
Ri = 0.4
Re = 100
  


C
D
0 25 50 75 100
1.5
2
2.5
3
3.5
4
4.5
Ri = 0.4
Ri = 0.6
Ri = 1.0
Ri = 1.2
Re = 100
  


C
D
0 50 100 150
2.7
3
3.3
3.6
3.9
4.2
Ri = 0.8
Ri = 1.0
Ri = 1.2
Ri = 1.4
Re = 100
  

 50 
 
 
Fig. 3.8 Temporal variation of lift and drag coefficients at Re = 120 for α = 0o, 
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Fig. 3.9 Instantaneous streamline patterns for various free-stream orientations at 
Re = 40 
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Fig. 3.10 Temporal variation of lift and drag coefficients at Re = 40 for α = 30o, 
45
o
, 60
o
 and 88
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Fig. 3.11 Instantaneous streamline patterns for various free-stream orientations 
at Re = 20 
 
The steady state amplitude of the unstable mode is readily obtained from 
equation (3.1) by setting  2
d
A 0
d


 as, 
2
e
2
A



                                       (3.2) 
Clearly, equilibrium solution to equation (3.1) is possible only if both ,   are of same 
sign.  For 0, 0,    a linear unstable disturbance with amplitude eA A  will grow 
resulting in a supercritical instability.  In contrast, for 0   and 0 , a disturbance 
amplitude eA A  would decay, making the flow linearly stable to any infinitesimal 
disturbance.  However, for the latter case, a disturbance with amplitude eA A  would 
grow.  This is referred to as a subcritical instability (Drazin & Reid (1981)). 
Equation (3.2) can be utilized to express the equilibrium amplitude behaviour 
for a given system near the critical point.  In the context of the present study, 
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Richardson number Ri is chosen to be the parameter with respect to which the system 
exhibits the bifurcation reported earlier in §3.1.  Therefore Eq. (3.2) may be expressed 
as, 
2
e
2 (Ri)
A
(Ri)



                                                (3.3) 
Expressing the landau constants as expansions about the critical point; 
     
2
2
c c c2
c c
d d
Ri Ri Ri Ri Ri
dRi dRi
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 
   
Thus, in the neighbourhood of the critical point, the equilibrium amplitudes can be 
expressed as, 
   
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For Ri very close to Ric,  
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A bifurcation involves change of sign of σ and at the critical point σc = 0.  
Therefore in the neighbourhood of the critical point, the equilibrium amplitude can be 
finally expressed as, 
   
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e c c2
c c cc cc
2 d d 1 d d
A Ri Ri Ri Ri
dRi dRi dRi dRi
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
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 
(3.4) 
Therefore if the equilibrium amplitude data for the unsteady vortex-shedding 
periodic flows can be obtained sufficiently close to the vortex-shedding suppression 
point, then the data can be plotted and extrapolated to yield estimates of the critical 
Richardson number.  Normally, for data sufficient close to the critical point, it is 
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sufficient to retain the first order term in Eq. (3.4) to express the 2eA Ri  relationship 
as, 
 2e c
cc
2 d
A Ri Ri
dRi
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 


             (3.5) 
If 
cc
1 d
dRi
 
 
 
  0, increase in Ri results in increase in the amplitude of the 
unsteady oscillatory flow while, if 
cc
1 d
dRi
 
 
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  0 then increase in Ri would result in a 
decrease in the equilibrium amplitudes of the unsteady flow. 
The bifurcations associated with the flow transitions observed at different (α, 
Re) parametric settings with Ri as the control parameter are analyzed in the light of 
these theoretical considerations. 
Figure 3.12 shows the ( 2eA Ri ) characteristics in the neighbourhood of the 
critical point obtained at different (α, Re) settings for 60  Re  100.  The amplitude 
Ae is obtained from the time history of CL.  The data exhibits nearly perfect linear 
relationship with a negative slope.  By obtaining linear curve-fits for the data in the 
form 2eA a b(Ri)  , it is possible to estimate Ric as the value of Ri for which Ae = 0 
i.e. c
a
Ri
b
  . 
Figure 3.13 shows the ( 2eA Ri ) characteristics at Re = 120 and 30
o
  α  50o.  
Except for α = 50o, interestingly, the characteristics of ( 2eA Ri ) exhibit is non-linear 
decreasing trend.  If for a bifurcation 
c
d
dRi
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2
2
c
d
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 then, in the 
neighbourhood of the critical point the ( 2eA Ri ) relationship would be accurately 
described by retaining the second order term also given as, 
   
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  
 
Excellent curve-fits for the data at Re = 120 and α = 30o, 40o and 45o are 
obtained (Fig. 3.13) by employing a second degree polynomial in conformance with 
Eq. (3.6). 
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Fig. 3.12 2
eA Ri  characteristics in the neighbourhood of suppression or 
bifurcation point for (a) Re = 60 and α = 45o, (b) Re = 80 and α = 45o, (c) Re = 
100 and α = 0o 
 
The ( 2eA Ri ) data at Re = 40 for α = 30
o
, 45
o
, 60
o
 and 88
o
 are shown in Fig. 
3.14.  At α = 30o, 45o and 60o the amplitude exhibits a decreasing trend while for α = 
88
o
 an increasing trend is observed with increase in Ri.  The decreasing trend 
represents the vortex-shedding suppression bifurcation with increase in Ri.  At α = 
88
o
, the increase in amplitude represents a scenario of onset of vortex-shedding with 
increase in Ri. 
Once the curve-fit are obtained for the ( 2eA Ri ) data in the neighbourhood of 
the bifurcation point, the critical values of Ri are recovered from the linear/non-linear 
curve-fit relations for a given (α, Re) setting. The accuracy of the above procedure in 
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determining the critical Richardson number is demonstrated by determining its value 
at (α = 0o, Re = 100) and comparing with the experimental/ numerical data available 
in literature. 
 
 
Fig. 3.13 2
eA Ri  characteristics at Re = 120 and 30
o
  α  50o 
 
Table 3.1 compares the critical Richardson number values from the present 
computation with those reported in earlier studies.  The present estimates are very 
close to the experimental data reported in Singh et al. (2007) and Kakade at al. (2010).  
The numerical estimates by Sharma and Eswaran (2004b) and by Yang and Wu 
(2013) are on the higher side in comparison to the present estimates. 
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Fig. 3.14 2
eA Ri  characteristics in the neighbourhood of suppression for α = 30
o
, 
45
o
, 60
o
 and 88
o
 at Re = 40 
 
Table 3.1 Critical Richardson number at  = 0o and 
Re = 100. 
 Ric Remarks 
Sharma and Eswaran (2004b) 0.150 (Numerical) 
Singh et al. (2007) 0.134 
(Experimental, 
Interpolated) 
Kakade et al. (2010) 0.131  (Experimental) 
Yang and Wu (2013) 0.150 (Numerical) 
Present 0.129 (Numerical) 
 
 
3.3 Neutral curves and flow regimes 
At a given Re, the critical Richardson numbers can be estimated by the 
procedures described in §3.2 for the entire range of free-stream orientation, α.  This 
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results in a neutral curve, Ric = func(α) in the (Ri, α) parametric space, separating the 
steady and unsteady flow regimes.  Neutral curves can be obtained at different Re to 
provide a detailed information on the bifurcations and transitions between unsteady 
and steady states as observed in the numerical experiments. 
Tables 3.2(a)-3.2(d) summarizes the statistics of the linear/ non-linear fit in the 
neighbourhood of the bifurcation point, and Ric estimates at Re = 60, 80, 100 and 120.  
At different values of α, the ( 2eA Ri ) data exhibits excellent linear/non-linear 
correlation thereby permitting the estimation of Ric. 
Tables 3.2(a)-3.2(d) provide the details of the ( 2eA Ri ) trends captured 
through linear and non-linear curve fits in the neighbourhood of the bifurcation point 
for different free-stream orientations at Re = 60, 80, 100 and 120 respectively.  The 
critical Richardson numbers estimated, linear and non-linear curve fits are also 
summarizes in the tables.  The R
2
 values associated with the curve fits indicate a very 
high degree of correlation between the curve fits and the ( 2eA Ri ) data. 
 
Table 3.2(a) Statistics of the linear fit 
2
eA a b(Ri)   in the 
neighbourhood of the vortex-shedding suppression or bifurcation 
point and Ric estimates at Re = 60. 
Free-Stream 
Orientation (α) 
in degrees 
a b 
Goodness 
of Fit 
R
2
 
Critical 
Richardson 
Number 
Ric=
b
a
  
0
 
0.01254 -0.31999 0.999 0.0392 
10 0.03504 -0.51348 0.998 0.0682 
20 0.15607 -0.97005 0.999 0.1608 
30 0.42135 -1.32775 0.999 0.3173 
40 0.76207 -1.73873 0.999 0.4382 
45 0.73188 -1.55302 0.999 0.4712 
50 0.63729 -1.35292 0.999 0.4710 
60 0.29205 -0.69791 0.999 0.4184 
70 0.12812 -0.42782 0.999 0.2994 
80 0.02617 -0.09229 0.999 0.2835 
81 0.02054 -0.06709 0.999 0.3061 
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Table 3.2(b) Statistics of the linear fit 2eA a b(Ri)   in the 
neighbourhood of the bifurcation point and Ric estimates at Re = 80. 
Free-Stream 
Orientation (α) 
in degrees 
a b 
Goodness 
of Fit 
R
2
 
Critical 
Richardson 
Number 
Ric=
b
a
  
0
 
0.03752 -0.52153 0.999 0.0719 
10 0.09912 -0.79274 0.999 0.1250 
20 0.41772 -1.35938 0.999 0.3072 
30 1.07663 -1.83124 0.999 0.5879 
40 1.58539 -1.93808 0.999 0.8180 
45 1.47880 -1.70464 0.999 0.8675 
50 1.37436 -1.66964 0.999 0.8231 
60 0.72316 -1.03658 0.999 0.6976 
70 0.15863 -0.26212 0.999 0.6051 
80 0.03322 -0.04999 0.999 0.6645 
81 0.02227 -0.02992 0.999 0.7444 
 
 
Table 3.2(c) Statistics of the linear fit 
2
eA a b(Ri)   in the 
neighbourhood of the bifurcation point and Ric estimates at Re = 
100. 
Free-Stream 
Orientation (α) 
in degrees 
a b 
Goodness 
of Fit 
R
2
 
Critical 
Richardson 
Number 
Ric=
b
a
  
0
 
0.04592 -0.35517 0.997 0.1293 
10 0.15288 -0.71735 0.998 0.2131 
20 0.90393 -1.97144 0.999 0.4585 
30 2.48673 -2.96843 0.998 0.8377 
40 4.56935 -4.14094 0.996 1.1034 
45 3.33738 -2.88047 0.999 1.1586 
50 3.38112 -3.10281 0.998 1.0896 
60 1.21156 -1.23626 0.999 0.9800 
70 0.32467 -0.37224 0.999 0.8722 
80 0.04536 -0.04416 0.999 1.0271 
81 0.01430 -0.01130 0.999 1.2654 
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Table 3.2(d) Statistics of the linear fit 2eA a b(Ri)   and polynomial fit 
2 2
eA a b(Ri) c(Ri)    in the neighbourhood of the bifurcation point and Ric 
estimates at Re = 120. 
Free-Stream 
Orientation 
(α) in 
degrees 
a b c 
Goodness 
of Fit 
R
2
 
Critical Richardson 
Number 
Ric= ,
a
LinearFit
b

 
Ric=
2 4
,
2
b b ca
c
PolynomialFit
  
 
0
 
0.07183 -0.44812  0.999 0.1603 
10 0.28986 -1.03136  0.999 0.2810 
20 1.94713 -3.22327  0.994 0.6040 
30 -43.1779 92.8367 -49.1775 0.999 1.0576 
40 -122.937 186.117 -70.1001 0.999 1.4209 
45 -144.641 217.991 -81.8501 0.999 1.4109 
50 5.16909 -3.75090  0.998 1.3780 
60 1.62292 -1.28568  0.999 1.2623 
70 0.43062 -0.36429  0.999 1.1820 
80 0.03252 -0.02191  0.999 1.4844 
 
Table 3.3 summarizes the statistics of the linear fit to the ( 2eA Ri ) data for 
different α at Re = 40 in the vicinity of the bifurcation point.   
 
Table 3.3 Statistics of the linear fit 
2
eA a b(Ri)   in the 
neighbourhood of the bifurcation point and Ric estimates at Re = 40. 
Free-Stream 
Orientation 
(α) in degrees 
a b 
Goodness 
of Fit 
R
2
 
Critical 
Richardson 
Number 
Ric=
b
a
  
20
 
0.02106 -0.51769 0.999 0.0406 
30 0.08718 -0.87814 0.999 0.0992 
40 0.15204 -0.95897 0.999 0.1585 
45 0.16085 -0.93236 0.999 0.1725 
50 0.14178 -0.80444 0.999 0.1762 
60 0.07758 -0.55179 0.999 0.1405 
70 0.01867 -0.24152 0.999 0.0773 
87 -8.10358x10
-5 
5.28468x10
-5
 0.998 1.5334 
88 -0.01141 0.00892 0.999 1.2791 
90 -0.00382 0.00691 0.999 0.5528 
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For 20
o
  α  70o, the constant b in the linear fit 2eA a b(Ri)   is negative indicating 
a decrease in amplitude of the oscillatory flow with increase in Ri eventually leading 
to vortex-shedding suppression and a steady flow.  However, there is a narrow range 
87
o
  α  90o, when the constant b is positive.  This indicates that with increase in Ri 
beyond the critical value, the steady flow becomes unstable giving way to an 
oscillatory flow with vortex-shedding. 
Figure 3.15(a) shows the neutral curves in the (Ri, α) plane for Re = 60, 80, 
100 and 120.  The curves depict a high sensitivity to both α and Re.  At a given Re the 
neutral curve exhibits an interesting non-monotonic behaviour with critical Ri first 
increases to a local maximum at o45   and then decreasing with further increase in 
α and finally again increasing sharply and asymptotically as o90 .  Interesting, 
the local maxima at o45   is nearly independent of Re.  This implies that for 
o45   the vortex-shedding is harder to suppress by thermal buoyancy effects than 
for other flow orientations except for o80  .  The free-stream orientation introduces 
effects of misalignment of inertia forces and buoyancy forces.  This combined with 
inherent rotational asymmetry of the geometry of the square cylinder for o o0 90    
yields a non-monotonic stability characteristic in the form of the neutral curves 
depicted in Fig. 3.15.  The sensitivity to Re is also quite interesting as increase in Re 
shifts the neutral curve towards higher values of Ric while preserving the non-
monotonic shape of the neutral curve in Ri-α plane.  This hints at a vortex-shedding 
suppression mechanism that is essentially similar from the point of view of flow 
physics at different Re. 
At Re = 40, the neutral curve(s) separating the unsteady and steady regimes is 
depicted in figures 3.15(b)-3.15(c).  Unsteady vortex-shedding flow is only 
encountered for o o20 70    and in a narrow region o o87 90   .  For 
o o20 70    increase in Ri brings about vortex-shedding suppression or a transition 
from unsteady to steady flow.  However, for o o87 90   , increase in Ri induces or 
triggers the oscillatory flow instability leading to a vortex-shedding unsteady flow. 
The non-monotonic behavior for 60  Re  120, is quite interesting and is 
captured quite well by the non-monotonic analytic relation or function given as,  
 
1 2
c
3 4 5
C C sin( )
Ri ( ) .
cos( ) C C sin( C )
 
 
  
                                             (3.7) 
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The values of various constants (C1, C2, C3, C4 and C5) are found from 
standard least-square curve fitting procedure and are summarized in Table 3.4 along 
with the R
2
 values indicating the goodness of fit. 
 
Fig. 3.15 Variation of critical Richardson number with free-stream orientation at 
(a) 60   Re  120 and 0o  α  90o, (b) Re = 40 and 0o  α  80o, and (c) Re = 40 
and 80
o
  α  90o 
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Table 3.4 Various constants and goodness of fit, R
2
 at Re = 60, 80, 100 and 120. 
Reynolds 
number 
C1 C2 C3 C4 C5 R
2
 
60 0.0315 -0.0133 1.5481 1.4839 0.7890 0.9983 
80 0.0417 0.0090 1.5589 1.4844 0.8492 0.9988 
100 0.0673 0.0323 1.7425 1.6419 0.8934 0.9986 
120 0.1282 0.0971 2.6004 2.4355 0.9047 0.9979 
 
These values apply if α is taken in radians in Eq. (3.7). 
It is desirable from an application point of view to develop simple correlations 
or expressions that can be useful to obtain the results for the intermediate values of 
Reynolds number.  Variation of constants (C1, C2, C3, C4 and C5) as a function of 
Reynolds number is depicted in Fig. 3.16 for the range of Reynolds number 60  Re  
120.  It is seen from figure that the magnitude of each constant increases with increase 
in Reynolds number and follows a monotonic trend.  A third order polynomial is 
employed in order to obtain cure-fit relation between the constants C1, C2, C3, C4 and 
C5 and the Reynolds number.  These correlations are as follows; 
7 3 5 2 3
1
7 3 4 2 3
2
5 3 3 2 1
3
6 3
4
C 4.1458x10 (Re) 8.0250x10 (Re) 5.6091x10 (Re) 0.1057,
C 4.6874x10 (Re) 1.1124x10 (Re) 9.7524x10 (Re) 0.2991,
C 1.0447x10 (Re) 2.2915x10 (Re) 1.6672x10 (Re) 2.4625,
C 9.9812x10 (Re)
  
  
  

   
   
   
  3 2 1
7 3 5 2 4
5
2.1992x10 (Re) 1.6019x10 (Re) 2.3666,
C 3.5208x10 (Re) 6.4499x10 (Re) 8.0916x10 (Re) 0.6813.
 
  
 
    
 
The above correlations are utilized in order to obtain the values of various 
constants at any Reynolds number in the range [60, 120].  Finally the magnitude of 
critical Richardson number can be estimated using the relation (Eq. (3.7)) for 
o o0 90    and 60  Re  120. 
The existence of the non-monotonic yet relatively simple and reasonably 
accurate analytical description of the neutral curves for 60  Re 120 warrants an 
effort towards the understanding of the mechanics of vortex-shedding suppression in 
these class of flows.  In the next section, based on physical arguments supported by 
computational data (semi-theoretical approach), the role of baroclinic vorticity 
generation rate in the suppression of vortex-shedding is identified.  Further, on the 
basis of the proposed role of baroclinic vorticity generation rate, it is shown that a 
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theoretical link can be established for the suppression laws (Eq. (3.7)) observed in the 
numerical experiments. 
 
Fig. 3.16 Variation of constants C1, C2, C3, C4 and C5 as a function of Reynolds 
number (60  Re  120) 
 
3.4 Near wake structure and role of baroclinic vorticity 
In this section, the flow structure in the near wake is studied at different free-
stream orientations at a fixed Re in an attempt to find a connection of the neutral 
curves reported earlier with the baroclinic vorticity generation rate in the near wake, 
for the flow problem considered.  This analysis is then utilized to propose a scenario 
of buoyancy induced vortex-shedding suppression/initiation phenomenon, as reflected 
by the vortex-shedding suppression laws (neutral curves) in the Ri-plane observed 
in the numerical experiments.  
First, since the connection of vortex-shedding suppression with the baroclinic 
vorticity generation rate is to be established, the governing equations are recast 
employing the vorticity-streamfunction formulation.  The governing equations subject 
to Boussinesq approximation in Cartesian coordinates are readily transformed into 
streamfunction-vorticity form by introducing these variables defined as, 
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ˆV ( k),
V.
  


                                                           (3.8) 
Within the two-dimensional framework, the vorticity vector can be further expressed 
as, kˆ.

  Therefore, the governing equations can be expressed in the 
streamfunction and vorticity variables as, 
2    ,                                        (3.9) 
2D 1ˆ ˆk Ri j
D Re
            
     
 
 
,                                (3.10) 
21ˆ( k) .
RePr
        
 
.                                        (3.11) 
From the vorticity transport equation (Eq. (3.10)), it is clear that the thermal buoyancy 
influences the fluid motion via the total baroclinic vorticity generation rate ≡ +Ri
x


. 
Next, the numerical experiments carried out and the findings reported earlier, 
are utilized to investigate the role of baroclinic vorticity generation rate in vortex-
shedding suppression and its possible connection with the neutral curves separating 
the steady and the unsteady (vortex-shedding) flow regimes.  The data along with 
physical reasoning (with approximations justified by the numerical data) is utilized to 
develop a phenomenological scenario of vortex-shedding suppression by thermal 
buoyancy effects observed for the representative bluff-body shape considered in the 
present study. 
In order to understand the role of baroclinic vorticity
 
generation rate and it’s 
connection with the neutral curves, the structure of the steady flow field in the near 
wake (inside the vortices) obtained at slightly supercritical Richardson numbers (Ri = 
1.01Ric) is examined.  These steady flow fields represent, within reasonable accuracy, 
the structure of the critical steady flow fields.  Further, a set of local dimensionless 
coordinates (s-n), oriented such that the s-direction is parallel and n-direction is 
normal to the interface of the counter-rotating vortices, is introduced to highlight 
some interesting features regarding the baroclinic vorticity
 
generation rate.  Fig. 3.17 
typically provides a diagrammatic sketch of the choice of the local coordinates. 
The streamline patterns in the near wake for the critical flow fields for the 
square cylinder, at different free-stream orientations, are shown in Fig. 3.18.  A 
striking feature of the streamline patterns is the fact that the interface of the twin 
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vortices in the near wake is aligned (approximately) with the free-stream orientation 
.  This is directly and physically verified from the streamline patterns. 
 
n 
Ω -ve 
Ω +ve 
s 
o 
 
Fig. 3.17 Diagram depicting stable twin vortices in the critical state, along with 
the choice of the local spatial coordinates behind the square cylinder 
 
Fig. 3.18 Streamline patterns in the critical state (approx.) at Re = 100 for 
various free-stream orientations 
The symmetry in the vortices in the critical state is observed only for α = 0o 
while non-symmetric critical flow states are observed for other free-stream 
orientations owing to the shape of the bluff-body (Fig. 3.18).  This is expected as, 
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even in the absence of thermal buoyancy, the steady flow field for the square cylinder 
would be asymmetric for all free-stream orientations except for α = 0o, 45o and 90o. 
The creation of a threshold difference in the circulation strength of the two 
vortices or asymmetry is considered to be essential for the fluid to be drawn from one 
side of the interface of the twin vortices to initiate or cause vortex-shedding (Gerrard 
(1966)).  In a more recent work involving circular cylinder, in order to investigate the 
characteristics of the shear layer instability, the classical instability leading to vortex-
shedding was deliberately suppressed by imposing symmetry conditions on the wake 
centreline (Mittal et al. (2008)).  These findings clearly suggest that factors that 
preserve or promote symmetry of the counter-rotating vortices would essentially 
control or regulate vortex-shedding suppression. 
Next the structure of the critical flowfields in the near wake is examined for 
the case of square cylinder in order to highlight the possible role played by baroclinic 
vorticity
 
generation rate associated with it.   On this basis and the evidence thrown by 
the computational data, a link is established between the role of baroclinic vorticity 
generation rate and the analytical curve-fit forms of the vortex-shedding suppression 
laws or neutral curves. 
In order to conceptually understand the role of baroclinic vorticity
 
generation 
rate, the thermal gradient responsible for the baroclinic-vorticity generation is 
expressed in terms of the local dimensionless coordinates (s-n) as, 
cos( ) sin( )
x n s
  
   
  
                                              (3.12) 
The above expression is written on the basis of the definition of the local coordinate s, 
n as shown in Fig. 3.17 earlier and the fact (revealed from numerical experiments) 
that the interface of the twin vortices in the critical flowfield is aligned 
(approximately) with the free-stream orientation (Fig. 3.18).  The total baroclinic 
vorticity
 
generation rate associated with the thermal gradient can be written as, 
   
bD
Ri Ri cos( ) Ri sin( )
D x n s
   
    
   
                           (3.13) 
The choice of the local coordinates allows one to recognize two distinct components 
or parts of the total baroclinic vorticity
 
generation rate.  Let the two components be 
denoted as, 
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nb
sb
D
Ri cos( ),
D n
D
Ri sin( ).
D s
 
 
 
 
 
 
                                                 (3.14) 
From this point onwards, the role of the components 
nbD
D


 and 
sbD
D


 are identified 
for the case of square cylinder. 
An important feature of the near critical flowfields, observed in the near wake 
of the square cylinder at different values of s, is the symmetric nature of the twin 
counter-rotating vortices for α = 0o.  This is analyzed by examining the structure of 
the near critical thermal and vorticity fields at different values of s as shown in Fig. 
3.19.  The values have been extracted along the n-direction at different distances (s 
values) along the interface of the twin vortices.  The temperature fields are symmetric 
about n = 0 (interface of twin vortices) with progressive development of asymmetry 
as  is increased beyond 0o (Fig 3.20).  The structure of vorticity exhibits a perfect 
anti-symmetry for α =  with progressive deviations for larger values of  as is 
increased. 
 
Fig. 3.19 Profiles of dimensionless temperature and dimensionless vorticity in the 
near critical flow state (Ri = 1.01Ric) for different distances (s = 0.5714, 1.0 and 
1.4285) in the wake of a square cylinder at (α = 0o, Re = 100) 
It is readily observed from Fig. 3.19 that, 
nb
c cDor
n D
  
 
  
< 0 on the left side 
of the interface (n < 0) and 
nb
c cDor
n D
  
 
  
> 0 on the right side of the interface (n > 
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0).  The subscript ‘c’ is used to refer the critical/near critical state.  Therefore, the 
normal component of baroclinic vorticity generation has a sense similar to that of the 
natural or base vorticity of the twin counter-rotating vortices (generated due to flow 
separation) and the magnitude, on account of approximate symmetry, is nearly same 
on either side of the interface. This implies that the component of baroclinic vorticity 
generation rate,
nb
cD
D


, adds to the base vorticity due to flow separation in the 
symmetric counter-rotating vortices by nearly the same amount.  Therefore, for 
symmetric vortices, it is concluded that 
nb
cD
D


component is symmetry preserving.  
Further, in the event of perturbations/disturbances that result in an imbalance between 
the vorticity of the symmetric vortices, it can be argued and supported with data that 
the component 
nb
cD
D


 tends to reduce the imbalance of the twin vortices and therefore 
has a symmetry restoring character. 

Fig. 3.20 Dimensionless temperature and dimensionless vorticity profiles in the 
near critical flow state in the wake of the square cylinder for different α at Re = 
100
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In the event of an imbalance in the vorticity of the twin vortices, particularly 
noticeable from profiles at α = 45o, 60o the vortex having higher level of vorticity 
would tend to reduce the thermal gradients c
n
 

owing to higher levels of mixing in 
comparison to the vortex having lower level of vorticity.  Thus, the magnitude of the 
component 
nb
cD
D


in the vortex having higher levels of vorticity would reduce in 
comparison to the magnitude of 
nb
cD
D


in the vortex having lower levels of vorticity.  
Consequently, the overall imbalance would reduce under the action of the 
component
nb
cD
D


.  This effect is readily demonstrated for asymmetric vortices at α = 
45
o
 and 60
o
 (Fig. 3.21).  From Fig. 3.21, it is evident that for non-symmetric situation 
the gradient c
n
 
 
 
 is more in magnitude in the left vortex (n < 0) in comparison with 
the right vortex, while the vorticity magnitude is lower in the left vortex as compared 
to that in the right vortex.   
 
Fig. 3.21 Profiles of dimensionless temperature (left) and dimensionless vorticity 
(right) in the slightly asymmetric critical flow modes at Re = 100 
 
Thus, in the event of a symmetry-breaking perturbation causing any imbalance of 
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c
n
 
 
 
.  Thus, it is concluded that the baroclinic generation rate component 
nb
cD
D


has a symmetry-preserving as well as a symmetry-restoring character. 
Figure 3.19 and Fig. 3.20 depicts that the gradient c
s
 

 is < 0 on both sides of 
the interface.  Therefore, the baroclinic vorticity generation rate component 
sb
cD
D


cannot preserve the symmetry of the twin vortices as the sense of this 
component is negative on both sides of the interface.  These ideas are illustrated 
through diagrams in Fig. 3.22, showing the sense of the two baroclinic vorticity 
generation rate components in relation to the natural or base vorticity generated due to 
flow separation. 
 
Fig. 3.22 Sketches depicting the sense of a) natural or base vorticity generated 
due to flow separation, b) baroclinic vorticity generation rate component 
nb
cD
D


and c) baroclinic vorticity generation rate component 
sb
cD
D


 
 
Figure 3.23(a)-3.23(b) show that non-symmetric stable critical flow (steady 
flow) modes for  0o exist.  The asymmetry in the thermal flowfield in the near 
wake is very pronounced at all orientations  > 0o.  Hence, the component 
nb
cD
D


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alone cannot control or regulate the phenomenon of suppression of vortex-shedding.  
The total baroclinic vorticity generated must be taken to control the vortex-shedding 
suppression characteristics leading to unsymmetric stable flow modes.  However, the 
presence of symmetry preserving and restoring component 
nb
cD
D


must be essential 
for the suppression to take place, as no suppression is observed at  =  for Re in 
the range [60, 120] in the numerical experiments reported earlier. 
 
Fig. 3.23 Dimensionless temperature and vorticity profiles in the near critical 
flow state at a fixed distance in the wake for various free-stream orientations at 
(a) Re = 60 and (b) Re = 100 
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generation rate in the wake must attain a threshold magnitude in order to cause 
vortex-shedding suppression.  Mathematically, for the critical condition this condition 
can be expressed as, 
b
c c c
c
wake wake wake threshold
D
Ri cos( ) d sin( ) d .
n s D
        
          
        
       (3.15) 
The integrals as well as the threshold value on the right hand side of Eq. (3.15) are 
expected to be a strong function of  in addition to Re and Pr.  This is very much 
evident from the profiles of temperature and vorticity in the critical state for different 
free-stream orientations at a fixed distance s (Fig. 3.23(a) and Fig. 3.23(b)) for Re = 
60 and Re = 100.  Thus, for fixed values of Pr, the critical Richardson number can be 
functionally expressed as, 
1
c
2 3
g ( , Re)
Ri ( , Re) .
cos( ) sin( )g ( , Re) g ( , Re)

 
   
                           (3.16) 
The forms of functions must be such that 1c
2
0g ( , Re)
Ri (0, Re)
0g ( , Re)
  must be finite 
while ocRi ( , Re) as 90   . From Eq. (3.16), it is readily concluded that 
o
3 1g ( , Re) 0 while g ( , Re) does not vanish as 90    . 
The numerical data or the curve-fit relation (Eq. (3.7)) given earlier appears to 
support the ideas related to the roles of the two components of total baroclinic 
vorticity generation rate in vortex-shedding suppression. This is reflected by 
similarities in the functional form expressed via Eq. (3.16) and the curve-fit relation in 
Eq. (3.7).  Comparing the functional form in Eq. (3.16) with Eq. (3.7), the particular 
forms of the functions that will match the functional form in Eq. (3.16) to the curve-fit 
relation (Eq. (3.7)) can be expressed as, 
1 1 2
2 3 4 5
3 4 5
g ( , Re) C (Re) C (Re)sin( ),
g ( , Re) C (Re) C (Re)sin(C (Re))cos( ),
g ( , Re) C (Re)cos(C (Re))cos( ).
   
   
   
                             (3.17) 
The phenomenological arguments related to the role of components of total 
baroclinic vorticity generation rate in the near wake, must apply, as long as the 
character of the flow remains two-dimensional and laminar.  The numerical 
experiments have already established the Re dependence of the constants C1, C2, C3, 
C4 and C5. 
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3.5 Strouhal number characteristics 
Shedding of vortices in the wake behind the cylinder is characterized by a 
fundamental dimensionless frequency or the Strouhal number (St).  The Strouhal 
number is obtained from the time histories of lift coefficient (CL) as the oscillations in 
lift force are directly correlated to vortex-shedding in the wake.  Variation of Strouhal 
number with Richardson number is depicted in Fig. 3.24 for the range of Reynolds 
number and free-stream orientation (60  Re  120 and 0o  α  90o), respectively.  It 
is depicted in figure that the Strouhal number increases with increase in Richardson 
number and suddenly falls to zero when Richardson number crosses the critical value 
(Ric), except for α = 90
o
.  It is reported in literature (Bhattacharyya and Mahapatra 
(2005)) that the vortex-shedding suppression did not occur when the cylinder is 
exposed to cross-flow (α = 90o).  For α ≠ 90o, owing to the acceleration of the shear 
layers by the buoyancy force, the rate of increase of circulation in the vortices is 
increased at higher Richardson number.  The vortices in this condition do not remain 
stable for longer time intervals and are shed more frequently.  In the cross-flow (α = 
90
o
), the sensitivity to Ri becomes very low and only 10-20% variation in St is 
recorded over the entire Ri range.  An increase in the free-stream orientation away 
from α = 0o, reduces the sensitivity of Strouhal number to increasing Ri.  This is 
because the acceleration effect of buoyancy on shear layers is reduced owing to the 
misalignment of the buoyancy force and the fluid inertia in the shear layers.  It is 
observed that the magnitude of critical Richardson number (Ric) increases with 
increase in Reynolds number for the entire free-stream orientation range.   
St-Ri characteristics for Re = 40 is shown in Fig. 3.25.  It is observed that the 
flow is found unsteady periodic flow for o o o20 ,45 and 60  , and steady for α = 90o 
at Ri = 0.  Suppression of vortex-shedding is found to occur or a transition from 
unsteady to steady flow at Ri  0.2 (Ri crosses the critical value) for o o20 70   .  
The Strouhal number suddenly falls to zero beyond critical Richardson number as can 
be seen from Fig. 3.25.  For α = 90o, increase in Ri induces or triggers the oscillatory 
flow instability leading to a unsteady periodic flow with vortex-shedding.  Initiation 
or onset of vortex-shedding is found to occur with increase in Ri for the narrow range 
of free-stream orientation [ o o87 90   ] at Re = 40. 
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Fig. 3.24 St-Ri characteristics at 60  Re  120 and 0o  α  90o 
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Fig. 3.25 St-Ri characteristics for 20
o
  α  90o at Re = 40 
 
3.6 Summary 
Numerical investigations have been conducted in the forced and mixed 
convective flow regimes for steady and unsteady flows for the range of parameters 
given as, 20  Re  120, 0  Ri  1.6 and 0o  α  90o.  Computations are carried out 
in order to identify the bifurcations in the parametric space at fixed Re and α for 
increasing values of Ri.  Transition from a steady flow into an unsteady flow or vice-
versa is identified as a bifurcation, and is investigated in the Ri - α parametric space.  
The unsteady flow (at low Ri) becomes steady as Ri is increased owing to suppression 
of vortex-shedding for the range of Reynolds number and free-stream orientation 
given as; [60  Re  120, 0o  α  81o] and [Re = 40, 20o  α  70o].  However onset 
or initiation of vortex-shedding is found to occur with increase in Ri for a narrow 
range of parameters given as; [87
o
  α  90o, Re = 40].  For the case of Re = 20 no 
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bifurcation is observed and the flow always attains a stable steady state with attached 
vortices. 
Neutral curves separating the steady and the unsteady flow regimes are 
generated using Stuart-Landau theory in the Ri - α plane by estimating the critical 
Richardson number (Ric) representing the bifurcation point.  
2
eA Ri  characteristics 
exhibit nearly perfect linear relationship with a negative slope (indicating vortex-
shedding suppression with increase in Ri) for [60  Re  120, 0o  α  81o], and [Re = 
40, 20
o
  α  70o].  The characteristics of 2eA Ri  exhibits perfect linear relationship 
with a positive slope (indicating vortex-shedding initiation with increase in Ri) for 
[Re = 40, 87
o
  α  90o].  Interestingly, at Re = 120, the characteristics of 2eA Ri  
exhibit a non-linear decreasing trend for 30
o
  α  45o.  Goodness of fit (R2) 
associated with the curve fits indicated a very high degree of correlation between the 
curve fits and 2eA Ri  data for the entire range of selected parameters.  For a given 
Re the neutral curves (Ric – α relation) exhibit a non-monotonic character in Ri – α 
plane.  Significantly, the flows for α = 90o are always observed to be unsteady except 
for Re = 20.  The non-monotonic behavior for 60  Re  120, is captured quite well 
by the analytic relation given as, 
  
 
1 2
c
3 4 5
C C sin( )
Ri ( ) .
cos( ) C C sin( C )
 
 
  
 
where C1, C2, C3, C4 and C5 are functions of Reynolds number. 
The connection of baroclinic vorticity generation rate with the neutral curves 
is established by examining the structure of the steady flow field in the near wake at 
slightly supercritical Richardson numbers (Ri = 1.01Ric).  The governing equations 
are recast employing the vorticity-streamfunction formulation in order to establish the 
connection of vortex-shedding suppression with the baroclinic vorticity generation 
rate.  Local dimensionless coordinates (s-n) chosen such that the s-direction is parallel 
and n-direction is normal to the interface of the counter-rotating vortices reveal that 
two distinct components of the total baroclinic vorticity
 
generation rate can be 
identified as, 
i. 
nbD
Ri cos( )
D n
 
 
 
 and,  
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ii. 
sbD
Ri sin( )
D s
 
 
 
. 
Analyzing the vorticity and temperature fields in the wake for near critical flows, it is 
inferred that the component of baroclinic vorticity
 
generation rate 
nbD
D


 has a 
symmetry preserving as well as symmetry restoring character.  It is also inferred that 
the baroclinic vorticity
 
generation rate component 
sbD
D


 cannot cause suppression of 
vortex-shedding.  Further, for the suppression of vortex-shedding it has been shown 
(using data from numerical simulations) that the total baroclinic vorticity
 
generation 
rate in the wake must attain a threshold magnitude. 
In the unsteady flow regime for the entire range of parameters, only periodic 
flows are observed.  It is interesting that for all Reynolds numbers, the Strouhal 
number increases with increase in Richardson number and suddenly falls to zero 
beyond critical Richardson number, except for the case of α = 90o.  At α = 90o the 
flow is always found to be unsteady periodic flow with vortex-shedding, as reported 
in the earlier studies. 
An increase in the free-stream orientation away from α = 0o, reduces the 
sensitivity of Strouhal number to increasing Ri.  In cross-flow (α = 90o), the 
sensitivity to Ri becomes so low so as to cause only 10-20% variation over the entire 
Ri range.  At α = 90o for Re = 40, increase in Ri induces or triggers the oscillatory 
flow instability leading to a vortex-shedding unsteady flow.  Initiation or onset of 
vortex-shedding is found for the narrow range of free-stream orientation 
o o87 90    at Re = 40. 
In the next chapter the effects of both free-stream orientation and buoyancy 
together on flow structure, mean surface pressure and vorticity and on aerodynamic 
parameters and heat transfer rate are investigated in detail at a fixed Reynolds number 
Re = 100. 
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CHAPTER 4  FLOW DYNAMICS AND GLOBAL PARAMETERS AT 
Re = 100 
 
In this chapter, the effects of free-stream orientation (α) and buoyancy 
(Richardson number) on flow dynamics and global parameters are presented at a fixed 
Reynolds number Re = 100.  The chapter is divided into four sections.  In §4.1 
streamline patterns, isotherm patterns and contours of vorticity along with time 
histories of lift and drag coefficients are presented.  In §4.2 surface pressure and 
surface vorticity trends in the forced and mixed convective flow regime are reported.  
Global parameters like lift, drag and Strouhal number trends are presented in §4.3 
along with surface heat transfer (local Nusselt number (NuL)).  Finally, a brief 
summary of the chapter is given in §4.4. 
 
4.1 Flow patterns and time histories 
The numerical experiments reported in the current chapter have been carried 
out at a fixed Reynolds number (Re) of 100.  Free-stream orientation (α) and 
Richardson number (Ri) are varied in the ranges 0
o
 ≤ α ≤ 90o and 0 ≤ Ri ≤ 1.6. 
Instantaneous streamline patterns, isotherm patterns and contours of vorticity 
in the vicinity of the square cylinder for free-stream orientations α = 0o, 30o, 45o, 60o 
and 90
o
 are depicted in Figs. 4.1-4.5 at Ri = 0, 0.6, 1.2 and 1.6 respectively.  It is seen 
from Figs. 4.1-4.5 that the flow is found to be unsteady with shedding of vortices in 
the wake behind the cylinder for Richardson number less than the critical value.  As 
reported in Chapter 3, suppression of vortex-shedding is found to occur when 
Richardson number crosses the critical value, except for α = 90o, as can be seen from 
Fig. 4.5. 
It is depicted in Fig. 4.5 that for α = 90o the flow is always unsteady with 
shedding of vortices for all Richardson numbers.  The sensitivity of flow pattern to Ri 
is low for cross-flow (α = 90o) because of complete misalignment between fluid 
inertia and buoyancy forces.  Buoyancy becomes less effective in imparting 
acceleration to the shear layers on either side of the separated flow region.  It can also 
be observed in Fig. 4.5 that the size of the vortices in the wake on the downstream 
side of cylinder increases with increase in buoyancy resulting in widening of the wake 
for the cross-flow configuration.  This can be attributed to the deflection of 
streamlines caused by the misaligned buoyancy. 
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It can be inferred from the isotherm patterns in Figs 4.1-4.5 that the rate of 
heat transfer is larger at the front face(s) of the cylinder that faces the free-stream in 
comparison to other faces of the cylinder.  This is evident from the crowding of 
isotherms on the front face(s) as compared to other faces of the cylinder.  The fluid 
accelerates rapidly around the stagnation point leading to high rate of heat transfer. 
For a given α, it is observed from instantaneous streamline patterns and 
contours of vorticity in Figs. 4.1-4.4 that the vortices are reduced in their size and the 
wakes become narrower with increase in Richardson number.  The wake is wider for 
lower Richardson number due to larger viscous diffusion and narrower at higher 
Richardson number due to the fact that the convection dominates at higher Richardson 
number.  The flow field in the steady flow regime is observed to be symmetric for α = 
0
o
 and asymmetric for α = 30o, 45o and 60o, respectively.  It is interesting to observe 
from Figs. 4.2-4.5 that the stagnation point also shifts its position with increase in 
Richardson number.  The shifting of stagnation point is more at large free-stream 
orientations and is found to be maximum for α = 90o.  The incoming free-stream is 
deflected upwards significantly, as can be seen from Fig. 4.5, for α = 90o at higher 
Richardson number leading to shifting of stagnation point on the face of the cylinder 
facing the flow. 
Time histories of lift coefficient (CL) are shown in Fig. 4.6 at α = 0
o
, 45
o
 and 
90
o
, respectively for 0  Ri  1.6.  It is clearly depicted in Fig. 4.6 that the flow for 
lower Richardson number in the forced and mixed convective flow regime is found to 
be unsteady and periodic.  In the unsteady regime the effect of increase in Ri is to 
reduce the amplitude of the oscillations in CL for α = 0
o
 and α = 45o.  However for α = 
90
o
 (cross-flow) the amplitudes increase with increase in Ri.  This shows that increase 
in Ri has a stabilizing effect on the unsteady flow for α ≠ 90o while a destabilizing 
tendency on the flow is observed for α = 90o.  Even at a fixed Re, the influence of Ri 
on the vortex-shedding phenomenon at different α is complex as described earlier in 
Chapter 3. 
On the basis of the flow patterns, the main factors regulating the growth and 
shedding of vortices can be identified as: 
i) Baroclinic effects in the wake, 
ii) Buoyancy generated acceleration in the shear layers and their interaction 
with the growing vortices in the wake, and 
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iii) The shift in the stagnation point on edges facing the flow, particularly at 
high α (α  45o) and higher values of Ri. 
 
Fig. 4.1 Instantaneous streamline patterns (left), isotherm patterns (middle) and 
contours of isovorticity (right) in the vicinity of square cylinder for 0  Ri  1.6 
at α = 0o 
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The shift in the stagnation point affects the amount as well as the rate of vorticity 
being fed into the wake via shear layers emanating from either side of the stagnation 
point. 
 
Fig. 4.2 Instantaneous streamline patterns (left), isotherm patterns (middle) and 
isovorticity contours (right) around the cylinder for Ri = 0, 0.6, 1.2 and 1.6 at α = 
30
o
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Fig. 4.3 Instantaneous streamline patterns (left), isotherm patterns (middle) and 
contours of isovorticity (right) for Ri = 0, 0.6, 1.2 and 1.6 around the cylinder at 
α = 45o 
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Fig. 4.4 Instantaneous streamline patterns (left), isotherm patterns (middle) and 
isovorticity contours (right) at 0  Ri   1.6 and α = 60o in the vicinity of square 
cylinder 
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Fig. 4.5 Instantaneous streamline patterns (left), isotherm patterns (middle) and 
isovorticity contours (right) around the cylinder for the conditions (0  Ri   1.6 
and α = 90o) 
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Fig. 4.6 Time variation of coefficient of lift (CL) for α = 0
o
, 45
o
 and 90
o
 at 0  Ri  
1.6 
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influence of the symmetry preserving baroclinic component (as shown in Chapter 3) 
leading to reduction in the growth rate of the oscillatory instability.  This eventually 
leads to a progressive reduction of CL oscillation amplitudes with increase in Ri at 
lower values of α. 
At higher values of α, the buoyancy generated acceleration effect on shear 
layers is weak owing to misalignment of fluid inertia and the gravity vector.  
However, there is a significant effect of shift in the stagnation point on the vortex-
shedding process.  The shift in the stagnation point (Table 4.1) promotes asymmetry 
in the growth and size of the counter-rotating vortices that are shed from the cylinder.  
Further, as shown in Chapter 3, the non-symmetry preserving baroclinic component 
progressively dominates over the symmetry preserving component as α is increased 
for a fixed Ri.  Therefore at higher α, it is expected that, increase in Ri would promote 
asymmetric growth and shedding of the vortices (as depicted in Fig. 4.7).  As a 
consequence, it is observed that increase in Ri for α = 90o results in an increase of 
amplitude of oscillations as reflected in the CL time histories (Fig. 4.6). 
At α = 0o and α = 45o, the reason for large oscillation amplitudes at lower 
Richardson number is the shedding of larger vortices in the wake behind the cylinder 
in comparison to shedding of smaller vortices at higher Ri.  At higher Richardson 
number the shear layer speeds-up or gains momentum, increases the rate of increase 
of circulation leading to the onset of vortex-shedding.  The outcome is the shedding of 
smaller size of vortices at a faster rate as Ri is increased.  The mean values of lift 
coefficients shift downwards towards negative values with increase in Richardson 
number as observed from Fig. 4.6 at α = 45o and 90o. 
The shift in the mean location of stagnation point (s) due to bending of 
streamlines by buoyancy can be quantitatively expressed by recording the angular 
location of the stagnation point with respect to the free-stream direction.  The 
stagnation point (S) is recorded by plotting the variation of surface vorticity along the 
surface of cylinder (Fig. 4.12).  The point on the surface of cylinder where surface 
vorticity is found to be zero and changes its sense across that point is marked as 
stagnation point (S).  This is illustrated in Fig. 4.8 below.  In the absence of buoyancy, 
the mean location of stagnation point would be almost directly facing the oncoming 
fluid stream or s  .  Hence, the shift in the mean stagnation point location due to 
buoyancy effects can be expressed as (s - α). 
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Fig. 4.7 Asymmetric growth and shedding of vortices during one complete cycle 
for (a) Ri = 0.6 and (b) Ri = 1.2 at Re = 100 and α = 90o 
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Fig. 4.8 Mean location of the stagnation point (s) with respect to gravity vector 
 
Table 4.1 summarizes the mean location values of stagnation point s and the 
amount of shift due to buoyancy effects for 0
o
  α  90o at Re = 100.  It is interesting 
to observe that for α = 0o, 45o, 90o for Ri = 0, the mean stagnation point location is 
directly facing the incoming flows (s = α).  However even at Ri = 0 for α = 30
o
 and α 
= 60
o
, one observes small deviation of +5.67
o
 and -8.37
o
 respectively.  With increase 
in Ri, the shift is always positive. 
Table 4.1 shows that the shift in the mean location of stagnation point follows 
a non-monotonic trend in the cross-flow (α = 90o) configuration.  This is explained via 
the contours of mean pressure shown in Fig. 4.9 for α = 90o and 0  Ri  1.6.  It is 
observed that the mean pressure field is found to be symmetric for Ri = 0 and 
asymmetric for Ri = 0.4, 0.8, 1.2 and 1.6, respectively.  Asymmetry in mean pressure 
field is found to increase with increase in Ri as depicted in Fig. 4.9, owing to the fact 
that bending of streamlines in the wake increases with increase in Ri.  Mean location 
of stagnation point for α = 90o is found to shift with increase in Ri as observed for α = 
0
o
, 30
o
, 45
o
, 60
o
, respectively and is shifted to a maximum value of 5.47 for Ri = 0.8.  
Mean pressure in the vicinity of bottom face of the cylinder decreases significantly 
with increase in Ri due to large bending of streamlines on the downstream side of 
cylinder. 
For this condition, the mean pressure in the vicinity of front face of the 
cylinder on upstream side is affected as depicted in Fig. 4.9 due to large bending of 
 
S 
θs 
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streamlines on the downstream side of cylinder at higher Ri.  This results in the shift 
in the mean location of stagnation point to its lower values with increasing Ri as 
reported in Table 4.1.  The shift in the mean location of stagnation point is found to 
increase with increase in Richardson number and is found to be maximum at Ri = 0.8 
than it decreases with increase in Richardson number to a value of 2.19 at Ri = 1.6. 
 
Table 4.1 Mean location of stagnation point (mean stagnation angle (s)) and its 
deviation with respect to free-stream orientation at Re = 100. 
Free-stream 
orientation (α) 
Richardson 
number (Ri) 
Mean stagnation angle 
(s) in degree with 
respect to gravity 
vector 
Shift (s – α) 
0
o 
0.0 0.00
 
0.00 
0.4 0.00 0.00 
0.8 0.00 0.00 
1.2 0.00 0.00 
1.6 0.00 0.00 
    
30
o 
0.0 35.67 5.67 
0.4 40.64 10.64 
0.8 42.45 12.45 
1.2 43.33 13.33 
1.6 44.17 14.17 
    
45
o 
0.0 45.00 0.00 
0.4 45.82 0.82 
0.8 46.24 1.24 
1.2 46.66 1.66 
1.6 47.54 2.54 
    
60
o 
0.0 51.63 -8.37 
0.4 53.60 -6.40 
0.8 54.73 -5.27 
1.2 57.28 -2.72 
1.6 58.61 -1.39 
    
90
o 
0.0 90.00 0.00 
0.4 92.19 2.19 
0.8 95.47 5.47 
1.2 94.39 4.39 
1.6 92.19 2.19 
 
 
Time histories of drag coefficient (CD) are shown in Fig. 4.10.  In the unsteady 
flow regime, large amplitudes of drag coefficient are found for lower Richardson 
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number and small amplitudes for higher Richardson number at α = 0o and 45o 
respectively.  However at α = 90o, the amplitudes of drag coefficient increase with 
increase in Richardson number.  This is explained on the basis of asymmetric vortex-
shedding with increase in Ri in the cross-flow (α = 90o) configuration.  The cycles of 
drag coefficient are shifted upwards with increase in Richardson number indicating an 
increase in mean coefficient of drag at higher Richardson number.  The drag 
coefficient is sensitive to Richardson number for the entire free-stream orientation 
range as can be seen from Fig. 4.10. 
 
Fig. 4.9 Contours of mean pressure for cross-flow configuration at 0  Ri  1.6 
 
  Later, it is shown (Fig. 4.11) that, at low free-stream orientations there is 
some increase in the stagnation pressure on the front face(s) of the cylinder with 
increase in Richardson number.  More significantly there is a large decrease of 
pressure in the accelerated shear layers with increase in Richardson number.  This 
results in much lower pressure on the downstream face(s) of the cylinder.  The net 
effect is the increase in mean drag coefficient with increase in Richardson number. 
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Fig. 4.10 Variation of drag coefficient (CD) with nondimensional time at 0
o
  α  
90
o
 and 0  Ri  1.6 
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4.2 Mean pressure and mean vorticity profile along the surface of cylinder 
The profile of mean pressure and mean vorticity (for steady flows, the actual 
pressure/vorticity) along the surface of the cylinder are a vital signature of the near 
cylinder flow dynamics and gives very important information on the effect of 
buoyancy and free-stream orientation on the near cylinder flow dynamics.  Mean 
pressure and mean vorticity profile is obtained by recording 64 snapshots of the 
unsteady flowfield for one complete vortex-shedding period or cycle and then mean 
of the snapshots is produced. 
Variation of mean pressure along the surface of the square cylinder for 0
o
 ≤  
≤ 90o and 0 ≤ Ri ≤ 1.6 is shown in Fig. 4.11.  As expected the front face AB yields 
largest mean pressure in comparison to faces BC, CD and DA of the cylinder for α = 
0
o
.  The stagnation point is formed on the front face of the cylinder that faces the 
incoming free-stream.  The fluid around the stagnation point accelerates rapidly.  It is 
also seen from Fig. 4.11 that the mean pressure on the front face AB increases with 
increase in Richardson number, and it decreases with increase in Ri on faces BC, CD 
and DA of the cylinder.  The mean pressure decreases with increase in Richardson 
number due to the increased buoyancy induced acceleration of the fluid particle 
around the faces BC, CD and DA of the cylinder.  On the front face or the face with 
stagnation point the mean pressure at and in the neighbourhood of stagnation point 
increases slightly with increase in Ri.  This is due to the energy added to the flow by 
the work of buoyancy forces. 
For α = 30o, 45o, 60o, and 90o a similar trend in the mean surface pressure 
profile is observed.  It is interesting to observe that for α = 45o and 60o, the mean 
surface pressure profiles exhibit a sudden drop along the flow around the bottom left 
corner A as shown in Fig. 4.11.  This is because of the slight shift in the stagnation 
point near corner A so as to lie on face AD.  The rapid acceleration around corner A 
on the face AB is responsible for the sudden drop in the mean surface pressure along 
the flow.  At (α = 90o, Ri = 0), the stagnation point is formed at a point directly facing 
the flow.  However with increase in Ri some amount of shift in the stagnation point is 
recorded owing to the upward deflection (bending) of the upstream streamlines via 
action of strong thermal buoyancy (Fig. 4.7 and Table 4.1). 
Fig. 4.12 depicts the variation of mean vorticity along the surface of cylinder 
at α = 0o, 30o, 45o, 60o and 90o, for 0  Ri  1.6.  The surface vorticity, as expected, is 
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found to be zero at the stagnation point and changes its sense across the stagnation 
point. 
 
Fig. 4.11 Variation of pressure along the surface () of cylinder for α = 0o, 30o, 
45
o
, 60
o
 and 90
o
 at 0  Ri  1.6 
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Fig. 4.12 Variation of vorticity along the surface of cylinder for 0
o
 ≤  ≤ 90o and 0 
≤ Ri ≤ 1.6 
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for α = 45o, 60o and 90o, respectively in conformance to the Fig. 4.11.  The shear layer 
speeds-up or gain momentum with increase in Richardson number resulting in high 
velocity of the fluid particle and hence large mean surface vorticity.  The vorticity at 
the corners of the cylinder are high because of rapid acceleration of the fluid particle 
around the corners. 
The mean surface vorticity profiles show that the maximum magnitude of the 
vorticity (positive or negative) is found to occur at corners of either the stagnation 
point face or at the corner of face adjacent to it.  It is expected that vorticity on faces 
experiencing attached flow would be sensitive to changes in Ri provided the flow near 
the face is aligned so as to experience buoyancy driven acceleration or speed-up.  For 
α = 0o, this is readily observed for flow along faces AD and BC.  Similarly for α = 30o 
and α = 45o, the buoyancy effects are observed on mean surface vorticity for faces AD 
and AB.  At large values, say α = 90o, the influence is more on the faces other than the 
stagnation point face AD. 
 
4.3 Global parameters 
In this section the effects of buoyancy and free-stream orientation on global 
parameters like mean (time mean) lift coefficient ( LC ), mean drag coefficient ( DC ), 
mean moment coefficient ( MC ) and mean Nusselt number ( Nu ) are highlighted for 
the conditions (0
o
  α  90o and 0  Ri  1.6).  The results are organized in two sub-
sections.  One section presents the data for aerodynamic parameters ( LC , DC , MC ) 
while the other section handles the heat transfer characteristics as represented by the 
Nusselt number ( Nu ).  Since the data for steady as well as unsteady flows is shown 
together, mean values indicate the mean for unsteady flows and constant values (in 
time) for steady flows. 
 
4.3.1 Aerodynamic parameters 
a) Forced flow 
Figure 4.13 shows the variation of mean (time mean) lift coefficient ( LC ), 
mean drag coefficient ( DC ) and mean moment coefficient ( MC ) with respect to free-
stream orientations at Ri = 0.  Free-stream orientations chosen are 0
o
, 30
o
, 45
o
, 60
o
 
and 90
o
, respectively.  Mean lift coefficient is taken to be positive in the direction of 
lift force (FL) as shown in Fig. 1.3.  As expected, the mean lift coefficient is found to 
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be zero for a free-stream orientation of 0
o
.  Mean coefficient of lift is found to be 
slightly negative for  = 30o, and slightly positive for  = 45o and 60
o
 respectively.  
Negative mean coefficient of lift is implying that the transverse force or the lift force 
is acting downwards and towards right (refer Fig. 1.3).  Magnitude of mean 
coefficient of lift is found to be maximum ( LC 0.09229 ) corresponding to a free-
stream orientation of 30
o
 and 60
o
. 
 
Fig. 4.13 Variation of mean lift and drag coefficients, and mean moment 
coefficient with free-stream orientations for Ri = 0 and 0
o
  α  90o 
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from Fig. 4.14 that mean surface pressure for the faces BC and CD of the cylinder in 
the wake is found to be much lower at α = 45o than at α = 0o.  Also the pressure 
recovery for faces AD and BC of the cylinder is found to be larger at α = 0o than the 
pressure recovery for the faces BC and DC of the cylinder at α = 45o.  This variation 
in mean surface vorticity and mean surface pressure across the upstream and 
downstream side of cylinder results in large magnitude of drag coefficient at α = 45o 
in comparison with α = 0o. 
 
Fig. 4.14 Variation of mean pressure and vorticity along the surface of cylinder 
for  = 0o and  = 45o at Ri = 0 
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trend remains same for the selected range of Richardson numbers.  Mean coefficient 
of lift is always found to be zero at α = 0o for the entire range of Richardson numbers. 
The non-monotonic behavior of mean coefficient of lift is explained by 
considering the mean streamline patterns in the neighbourhood of square cylinder for 
α = 30o, 45o and 70o at Ri = 0.2 and 1.6 shown in Fig. 4.16.  It is observed that the 
bending in streamlines is found to occur on either side of the stagnation point.  
Bending in streamlines is found to be more on the right side of the stagnation point 
and less on the left side of the stagnation point.  Bending in streamlines causes 
pressure drop across the streamlines.  More is the bending in streamlines more will be 
the pressure drop.  More bending in streamlines on the right side of stagnation point 
produces lower pressure at vertex B than at vertex D of the square cylinder (refer Fig. 
4.11).  Large pressure drop causes the fluid particle to accelerate rapidly around 
vertex B in comparison with fluid particle acceleration around vertex D of the 
cylinder.  In this condition the cylinder experiences a lift force in the downward 
direction and towards right (negative mean lift force).  The outcome is a negative 
mean lift coefficient. 
 
Fig. 4.15 Variation of mean coefficient of lift ( LC ) and mean coefficient of 
moment ( MC ) with free-stream orientation for 0.2 ≤ Ri ≤ 1.6 and 0
o
  α  90o 
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stream orientation α  30o and α  70o in comparison with α = 45o as observed in Fig. 
4.16. 
Figure 4.15 shows that the mean coefficient of moment is found to be zero at a 
free-stream orientation of 0
o
 for the entire Richardson number range.  With increase in 
α MC increases and reaches its maximum corresponding to a free-stream orientation 
of nearly 70
o
 and then decreases with further increase in α.  This trend remains same 
for all Ri except for Ri = 0.2 and 0.4.  At low buoyancy levels the trend resembles the 
variation observed for the forced flow.  For a fixed α, MC  increases significantly with 
increase in Richardson number for α ≠ 0o and α ≠ 90o.  Mean coefficient of moment is 
found to be maximum at the point of maximum asymmetry.  The effect of buoyancy 
on MC  is found minimum at α = 90
o
 because of complete misalignment of inertia and 
buoyancy forces. 
 
Fig. 4.16 Mean flow streamline patterns for (a) Ri = 0.2 and (b) Ri = 1.6 
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monotonically with increase in Richardson number.  The reason for larger DC  at 
higher Richardson number is explained via the variation in mean pressure along the 
surface of the cylinder (Fig. 4.11).  With increase in Ri, the fluid accelerates to higher 
velocities around corners A and B of the cylinder, resulting in much lower pressure at 
corners A and B.  Even though the pressure recovery takes place along faces AD and 
BC of the cylinder, the pressure on the back face CD decreases significantly with 
increase in Ri.  This results in significant increase in drag force and hence the mean 
drag coefficient. 
 
Fig. 4.17 Variation of mean drag coefficient ( DC ) with Richardson number at α = 
0
o
, and variation of ratio of (mean) drag coefficient   oD D oC / C   with free-
stream orientation for 0.2 ≤ Ri ≤ 1.6 
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or negated to a large extent by increasing the Richardson number.  It is seen for a 
given Ri, with increase in α, the ratio of coefficient of drag first increases and then 
decreases.  Maximum increase in drag coefficient is found to be 1.699 times the value 
at  = 0o, for  = 45o in the mixed flow regime corresponding to Ri = 0.2, and is 
found to be 0.5 times the value at  = 0o, for  = 75o corresponding to Ri = 1.6.  The 
trend with α for various Ri can be explained via the variation of mean pressure along 
the surface of cylinder. 
Figure 4.18 depicts the variation of mean pressure along the cylinder surface 
for the conditions (0.4  Ri  1.6 and 30o  α  60o).  It is depicted in Fig. 4.18 that 
for Ri = 0.4, the mean pressure drop around the stagnation point ‘S’ is found to be 
largest at  = 60o, and smallest/negligible at  = 45o. 
 
Fig. 4.18 Variation of pressure along the surface of cylinder for 0.4  Ri  1.6 and 
30
o
  α   60o 
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Also the pressure recovery along the faces BC and DC (downstream faces) of the 
cylinder is found maximum at  = 60o, minimum at  = 45o and in between at  = 
30
o
.  In this condition the mean pressure difference between upstream and 
downstream faces is found to be large at  = 45o, lower at  = 60o and at  = 30o, 
leading to a maximum mean drag coefficient at  = 45o.  Mean drag coefficient for 
other free-stream orientations varies accordingly, depending upon the mean surface 
pressure variation at various Richardson numbers. 
It is observed from Fig. 4.17, that maximum of mean coefficient of drag shifts 
from  = 45o to  = 30o for higher Ri.  The reason for shifting of maximum of 
  oD D oC / C   is due to the fact that larger mean pressure differences are found at  = 
30
o
 than at  = 45o between the upstream and downstream faces at higher Richardson 
number.  Also the drop in mean pressure around the stagnation point at  = 30o is 
reduced significantly with increase in Ri.  Consequently the mean drag coefficient is 
larger at  = 30o than at  = 45o at higher Ri.  It is also depicted in Fig. 4.17 that the 
ratio is more sensitive to changes in Ri for 30
o
  α  75o than for α ˃ 75o as can be 
seen from the accumulation of lines of ratio of mean drag coefficient. 
A more complete representation of the drag data is presented in the form of a 
contour map of the ratio  DC , Ri  on a  Ri  plane as shown in Fig. 4.19.  The 
contour map clearly allows one to identify operating ranges of the control parameters 
, Ri  for any desired level of mean drag.  For α  50o, mean drag values are quite 
sensitive to values of Ri and increase in Ri increases the drag coefficient.  For 50
o
  α 
 80o, the drag coefficient is only weakly influenced by Ri.  Then again for 80o  α  
90
o
, the sensitivity to Ri increases.  Highest values of drag coefficient are recorded for 
o45   for any Ri.  Low values of drag coefficient can be achieved for 80o  α  90o 
at any Ri, where as for low Ri ( 0.3) low drag can also be obtained for 0o  α  10o. 
 
4.3.2 Heat transfer characteristics 
Variation of mean (time mean) Nusselt number ( Nu ) with respect to free-
stream orientation in the forced convective flow regime is shown in Fig. 4.20.  The 
mean Nusselt number exhibits a non-monotonic trend with increase in α, and attains a 
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maximum of 4.512 at α = 45o.  At α = 45o, a large amount of cold fluid of incoming 
free-stream comes in contact with the solid faces AB and AD of cylinder and replaces 
rapidly the heated fluid particle in the vicinity of these faces, thereby resulting in high 
mean Nusselt number as evident from the crowding of isotherms on faces AB and AD 
of the cylinder in Fig. 4.3.  Variation of mean Nusselt number with respect to 
Richardson number is shown in Fig. 4.20 for α = 0o and 0 ≤ Ri ≤ 1.6.  Pattern is 
similar to mean drag as mean Nusselt number increases monotonically with increase 
in Richardson number. 
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Fig. 4.19 Contour map of mean drag coefficient ( DC ) in α – Ri plane at Re = 100 
 
At low values of α (aligned situations) the fluid particle gains momentum with 
increase in Ri, the colder fluid particle of the free-stream replaces rapidly the heated 
fluid particle from the vicinity of cylinder surface/faces, thereby increasing the rate of 
heat transfer from the faces of cylinder and hence the overall mean Nusselt number.  
Variation in the rate of heat transfer with increase in Richardson number is found to 
be negligible from the face CD of the cylinder as depicted in Fig. 4.21. 
Figure 4.20 shows the variation of ratio of   o0Nu / Nu   with respect to free-
stream orientation at different Ri.  Again, mean Nusselt number data for a given 
Richardson number are normalized by the corresponding value at α = 0o in order to 
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highlight the effects of free-stream orientation at different Ri.  It is observed that the 
ratio of Nusselt number is found to be sensitive to α for the entire range of Richardson 
number.  For a fixed α, the ratio of Nusselt number decreases with increase in Ri, the 
trend remains same for the entire range of free-stream orientation other than α = 0o.  It 
is depicted in Fig. 4.20 that the increase in the mean Nusselt number is about 7.9% of 
  o0Nu   at α = 45
o
 for Ri = 0.2. 
 
Fig. 4.20 Variation of mean Nusselt number ( Nu ) with α and Ri, and ratio of 
Nusselt number   o0Nu / Nu   for 0
o
  α  90o and 0.2  Ri  1.6 
 
At low Ri, free-stream orientation is quite effective in increasing the heat transfer.  
However for larger Ri, the heat transfer is largest for aligned situation of free-stream 
(α = 0o).  Variation of ratio of mean Nusselt number with respect to free-stream 
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orientation for the selected range of Richardson number is explained clearly with the 
help of heat transfer from the surface of cylinder. 
 
Fig. 4.21 Magnified view of mean surface Nusselt number (NuL) for 0
o
  α  90o 
and 0  Ri  1.6 
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Fig. 4.21 shows the variation of local Nusselt number (NuL) or surface heat 
transfer along the faces of the cylinder for the conditions (0
o
  α  90o and 0  Ri  
1.6).  The local Nusselt number in the present context is defined as,  
wall
/ n   , and 
the heat transfer from cylinder to fluid is taken to be positive.  It is seen from Fig. 
4.21 that the front face(s) AB for α = 0o, AB & AD for α = 30o, 45o and 60o, AD for α 
= 90
o
, respectively yields the maximum surface heat transfer.  While the surface heat 
transfer is found minimum for the face(s) CD for α = 0o, BC & CD for α = 30o, 45o 
and 60
o, BC for α = 90o, respectively.  The local Nusselt number is found to be 
maximum for the front face(s) of cylinder due to the fact that the heated fluid particle 
surrounded the front face(s) of the cylinder is replaced rapidly by relatively colder 
fluid particle of the incoming free-stream.  The surface heat transfer from the rear face 
of the cylinder is found to be minimum due to the fact that the counter-rotating 
vortices are formed on the downstream side of the cylinder and transfer of heat from 
the cylinder surface to the shear layer takes place through them.  As the fluid particles 
trapped in the vortices pick up heat and are not completely removed from the rear 
face, the overall rate of transfer of heat is reduced.  The nett rate of heat transfer from 
the cylinder for various free-stream orientations and Richardson number is the 
cumulative heat transfer from the faces AB, BC, CD and DA of the cylinder. 
It is depicted in Fig. 4.21 for α = 0o that the local rate of heat transfer is found 
to be maximum for the front face AB of the cylinder and it increases further with 
increase in Ri.  The fluid particle accelerates rapidly around the stagnation point 
resulting in higher rate of heat transfer.  The acceleration of fluid particle increases 
further with increase in Ri leading to higher rate of heat transfer as depicted in Fig. 
4.21.  The rate of heat transfer from the faces BC and AD of the cylinder increases 
with increase in Ri due to the fact that the magnitude of velocity of fluid particles 
increases with increase in Ri around faces BC and AD as can be seen from Fig. 4.22.  
The fluid particles of the incoming fluid stream replaces rapidly the heated fluid 
particles around faces BC and AD with increasing Ri, resulting in higher rate of heat 
transfer.  The rate of heat transfer from the rear face DC of the cylinder decreases 
slightly with increase in Ri.  The transfer of heat from rear face DC is taking place 
from vortices to shear layers.  The fluid particles trapped in the vortices pick up heat 
from the rear face DC and transfer it to the shear layers.  The vortices reduce in size 
with increase in Ri as depicted in Fig. 4.22. 
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Fig. 4.22 Mean/steady streamline patterns and velocity vectors for α = 0o and 90o 
at Ri = 0.4 and 1.6 
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The smaller sized vortices tend to be resulting in reduction in the rate of heat transfer 
with increase in Ri. 
In case of α = 90o, the rate of heat transfer is found to be maximum for the 
front face AD of the cylinder that faces the free-stream and it decreases slightly with 
increase in Ri.  The rate of heat transfer from face AD decreases slightly with increase 
in Ri due to shifting of stagnation point on that face.  The reason for shifting of 
stagnation point is the upward bending or deflection of incoming free-stream at large 
buoyancy forces as depicted in Fig 4.22.  The rate of heat transfer from the face DC 
increases with increase in Ri as can be seen from Fig. 4.21.  The magnitude of 
velocity of fluid particles in the vicinity of face DC of cylinder as depicted in Fig. 
4.22 increases with increase in Ri, resulting in the rapid replacement of heated fluid 
particles with the colder fluid particles of the incoming free-stream around the face 
DC of the cylinder.  This results in increases in the rate of heat transfer with increase 
in Ri.  It is depicted in Fig. 4.21 that the rate of heat transfer from the face AB 
decreases with increase in Ri.  Formation of vortex on the face AB is found to occur 
at higher Ri as depicted in Fig. 4.22.  The transfer of heat is taking place from face 
AB of the cylinder to shear layers via the vortex, leading to reduction in the rate of 
heat transfer from face AB at higher Ri.  It is also depicted in Fig. 4.21 that the rate of 
heat transfer is found to be minimum for the face BC of the cylinder and it increases 
with increase in Ri.  The reason for the increase in the rate of heat transfer from rear 
face BC of the cylinder is the increase in the magnitude of velocity vectors and vortex 
size in the vicinity of face BC with increasing Ri.  Increase in the magnitude of 
velocity of fluid particles increases the rate of heat transfer from rear face BC to shear 
layers and also the large vortex behind the cylinder interacts more with shear layers at 
higher Ri, which increases the rate of heat transfer. 
Figure 4.23 depicts the contour map of mean Nusselt number  Nu , Ri on a 
( Ri ) plane.  For any desired level of mean Nusselt number one can select the 
zones of the control parameters α, Ri.  Highest values of Nu  are observed for α  20o 
and Ri  0.8.  For α  60o, the heat transfer rate is not affected very significantly by 
variations in Ri.  The sensitivity to Ri is greatest for α = 0o with Nu  increasing by 
nearly 30
o
 for increase in Ri from 0 to 1.6.  At low Ri ( 0.4) highest heat transfer 
rates are achieved for 45
o
  α  55o. 
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Fig. 4.23 Contour map of mean Nusselt number ( Nu ) in α – Ri plane at Re = 100 
 
The variation of local heat transfer rate over the surface of cylinder for various 
α and Ri is shown in Fig. 4.24.  The rate of heat transfer from the corners A, B, C and 
D of the cylinder is high, as can be seen from Fig. 4.24, because of rapid acceleration 
of the fluid particle around these corners.  The heated fluid particle is replaced rapidly 
by the colder fluid particle of the incoming fluid stream resulting in large rate of heat 
transfer from the corners of the cylinder. 
 
4.4 Summary 
In the present chapter results obtained from numerical experiments performed 
in the forced and mixed convective flow regime at (Re = 100, Pr = 0.71) for the 
conditions 0
o
  α  90o, 0  Ri  1.6, were presented.  It is observed that with increase 
in Ri the vortices behind the cylinder are reduced in size for the entire range of α 
except for α = 90o.  At α = 90o, the vortices are found to be larger as Ri is increased.  
Further at α = 90o, the wake is found to be wider for higher Richardson number. 
The flow field in the steady flow regime is found to be symmetric for α = 0o 
and is found asymmetric for other free-stream orientations.  Asymmetry of the flow 
field increases either with increase in free-stream orientation or Richardson number.  
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The incoming free-stream is deflected with increase in Richardson number because of 
thermal buoyancy.  The deflection of incoming free-stream is found to be very 
significant for α = 90o at higher Ri.  Deflection of incoming free-stream causes shift in 
the mean location of the stagnation point, leading to asymmetry in the growth and size 
of the vortices that are shed in the wake behind the cylinder. 
 
Fig. 4.24 Variation of local Nusselt number (NuL) along the surface of cylinder 
for the conditions (0
o
  α  90o and 0  Ri  1.6) 
 
With increase in Ri, it is found that the amplitude of oscillation in CL and CD 
decreases for α = 0o and 45o, while it increases for α = 90o.  Thus for α ≠ 90o, the 
buoyancy exhibits a stabilizing effect at higher Ri.  However, the thermal buoyancy 
has a destabilizing effect at higher Ri in the cross-flow configuration due to 
misalignment between fluid inertia and buoyancy forces.  At α = 0o, the fluid particle 
moving along stagnation streamline acquires higher velocity with increase in Ri 
results in high mean stagnation pressure.  Maximum surface vorticity is found at the 
corners of the cylinder because of rapid acceleration of the fluid particles around the 
corners. 
For the forced flow, it is observed that the mean lift coefficient ( LC ) is found 
to be sensitive to changes in free-stream orientation and is found to be maximum LC  
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= 0.09229 at α = 60o.  Also the mean coefficient of moment ( MC ) is found to be 
sensitive to free-stream orientation range, and it follows the same trend as followed by 
LC .  Compared to ( LC , MC ), mean drag coefficient ( DC ) in the forced flow regime is 
found to be more sensitive to changes in free-stream orientation.  Mean drag 
coefficient increases from a value of 1.361 at α = 0o with increase in α, reaches to its 
maximum value of 2.576 at α = 45o and then decreases with increase in α.  High form 
or pressure drag and large vorticity is the reason for maximum mean drag coefficient 
at α = 45o. 
In the mixed convective flow regime, the sensitivity of mean lift coefficient 
( LC ) to α is found to be less at lower Ri than at higher Ri.  Mean lift coefficient is 
always found to be zero at α = 0o for the range of Ri considered, and it follows a non-
monotonic trend with respect to α for the entire range of Ri.  Bending in streamlines is 
observed on either side of the stagnation point, causing additional pressure drop 
across the streamlines.  Large bending in streamlines on the right side of the 
stagnation point produces larger pressure drop across the streamlines, that leads to 
negative lift force and hence the negative mean lift coefficient.  Bending in 
streamlines around vertices A/B for the entire range of Ri is found to be greatest at 
free-stream orientation α = 30o and 70o, resulting in large mean lift coefficient in 
comparison with other free-stream orientations.  Mean coefficient of moment ( MC ) 
for the entire range of Ri is found zero at a free-stream orientation α = 0o, reaches to 
its maximum at α = 70o and then it decreases with increase in free-stream orientation.  
MC  is found less sensitive to buoyancy at α = 90
o
, because of grater misalignment of 
fluid inertia and buoyancy forces. 
In the mixed convective flow, the ratio 
 
 
D
D
C Ri,
C Ri,0

 is effective in revealing the 
orientation effects for a given Ri.  Maximum value of the ratio is found to be 1.699 
for (α = 45o, Ri = 0.2), and is found to be minimum at 0.5 for (α = 75o, Ri = 1.6).  
Ratio of mean drag coefficient is observed to be maximum for 0.2  Ri  0.8 at α = 
45
o
, due to the fact that the pressure drop across the stagnation point is found to be 
negligible and the pressure recovery along downstream face(s) of the cylinder is 
found minimum, resulting in large mean pressure difference between upstream and 
downstream faces of the cylinder leading to maximum ratio of mean drag coefficient.  
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At higher Ri (1.0  Ri  1.6), the ratio of maximum mean drag coefficient is shifted to 
α = 30o.  It is also observed that the ratio of mean drag coefficient for any α, decreases 
significantly with increase in Ri except for α = 90o.  At α = 90o the ratio of mean drag 
coefficient decreases slightly with increase in Ri.  It is found that the pressure 
recovery along downstream face(s) of the cylinder increases with increase in Ri, 
resulting in less mean pressure gradient and consequently the less mean drag 
coefficient.  A contour map of mean drag coefficient at Re = 100 in α – Ri plane is 
presented in order to identify the operating ranges of control parameters α and Ri for 
any desired level of mean drag.  It is observed from the contour map that the mean 
drag coefficient is found to be sensitive to Ri for α  50o.  It is also observed that the 
mean drag coefficient is weakly influenced for any value of Ri for 50
o
  α  80o.  For 
α  80o, the mean drag coefficient is observed to be less sensitive to Ri.  For any value 
of Ri, the highest value of mean drag coefficient are recorded for α = 45o. 
It is found that the mean Nusselt number ( Nu ) at Ri = 0 follows a non-
monotonic trend similar to that for DC  with respect to α.  Mean Nusselt number 
increases from a value of 4.051 at α = 0o with increase in α, reaches to a maximum 
value of 4.512 at α = 45o and then decreases with increase in α.  In comparison with 
other free-stream orientations, mean Nusselt number at α = 45o is found to be larger 
because the heated fluid particle in the vicinity of front faces AB and AD of the 
cylinder is replaced rapidly with large amount of cold fluid of the incoming free-
stream.  In the mixed flow regime, the mean Nusselt number increases monotonically 
with increase in Ri at α = 0o.  This is because with increase in Ri, fluid particles gain 
momentum and replace rapidly the heated fluid particles in the vicinity of cylinder 
with the relatively colder fluid particle of the incoming free-stream, resulting in the 
increase in the rate of heat transfer with increase in Ri and hence the overall mean 
Nusselt number. 
Analogous to representation of drag data, the ratio; 
 
 
Nu Ri,
Nu Ri,0

 is employed to 
highlight the orientation effects at a given Ri.  The ratio is found to be sensitive to 
free-stream orientations for the entire range of Richardson number.  Ratio of mean 
Nusselt number for a fixed α is found to decrease with increase in Ri.  This reveals 
that heat transfer enhancement is more at lower α than at higher α by if thermal 
buoyancy is increased.  Ratio of mean Nusselt numbers is found to achieve a 
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maximum of 1.079 at (α = 45o, Ri = 0.2).  In comparison to the face experiencing 
stagnation point and attached flow, the rate of heat transfer from the rear face(s) of the 
cylinder is observed lower due to the fact that the transfer of heat from the cylinder to 
the shear layers is taking place via the trapped fluid particles in the vortices.  With 
increase in Ri, the heat transfer from the stagnation point face increases and that from 
the rear faces it decreases.  However, for α = 90o the rate of heat transfer from the 
front face decreases and increases from the rear face of the cylinder with increase in 
Ri.  Rate of heat transfer from the corners of the cylinder is found to be maximum due 
to the fact that the heated fluid particles around the corners are replaced rapidly by the 
colder fluid particles of the free-stream due to acceleration and increased velocities 
around the corners.   
In the forthcoming chapter the combined effects of Reynolds number, 
Richardson number and free-stream orientation on global parameters, streamline 
patterns and contours of vorticity, characteristics of Strouhal number, surface pressure 
and surface vorticity are investigated in detail. 
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CHAPTER 5  EFFECTS OF REYNOLDS NUMBER ON DYNAMICS 
OF FLOW AND GLOBAL PARAMETERS  
 
In the present chapter the effects of Reynolds number on flow dynamics and 
global parameters are presented.  The present chapter is divided into five sections.  In 
§5.1 the effects of Reynolds number on streamline patterns and contours of vorticity 
are presented.  Effects of fluid inertia and buoyancy forces on the characteristics of 
Strouhal number are presented in §5.2.  Effects of Reynolds number on surface 
pressure and surface vorticity are presented in §5.3.  Characteristics of global 
parameters for various Reynolds number are presented in §5.4.  Finally the key 
findings are summarized in §5.5. 
 
5.1 Streamline patterns and contours of vorticity: Effects of Reynolds number 
In order to investigate the effects of Reynolds number on flow pattern, the 
development of wake during one complete vortex-shedding period or cycle in the 
forced convective flow regime (Ri = 0) for the range of Reynolds numbers 40  Re  
120 at a fixed free-stream orientation α = 45o is considered.  The dimensionless one 
vortex-shedding period for Reynolds numbers, Re = 40, 60, 80, 100 and 120 is 9.766, 
8.362, 7.697, 7.237 and 7.017, respectively.  Streamline patterns and contours of 
vorticity are shown in Figs. 5.1-5.2 for five successive moments of time that span 
over the whole period. 
The unsteady periodic flow due to the alternate vortex breaking off in the 
wake from the top and right faces of the cylinder is depicted in Fig. 5.1.  It is seen 
from Fig. 5.1 that the larger vortex on the top face of the cylinder reduces in size as 
Reynolds number is increased.  The increase in Re weakens the growth rate of 
vortices by diffusion while the instability leading to shedding grows at a faster rate as 
Re is increased.  The result is shedding of smaller sized vortices at a faster rate.  The 
vortices are found larger at lower Reynolds number and smaller at higher Reynolds 
number as depicted in Figs. 5.1-5.2. 
Fig. 5.2 shows the contours of vorticity for one complete vortex-shedding 
period.  The negative vortex shown by dotted lines is generated on the top face of 
cylinder, grows in size and detaches from the top face and moves towards the 
downstream side of cylinder at (1/4)T as depicted in Fig. 5.2.  In the same manner the 
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positive vortex (shown by firm lines) is generated, grows in size and detaches from 
the right face of cylinder at (3/4)T.  The alternate shedding of vortices from the top 
and right faces of the cylinder on the downstream side forms a well defined vortex-
street known as von Kármán vortex-street.  The shed vortices at higher Reynolds 
number are in smaller size. 
 
Fig. 5.1 Instantaneous streamline patterns at α = 45o, Ri = 0 and 40   Re  120 
for five successive moments of time that span over the whole period 
 
Instantaneous patterns of streamline and contours of vorticity in the 
neighbourhood of square cylinder are shown in Figs. 5.3-5.4 in the forced convective 
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flow regime for the conditions (40  Re  120, 30o  α  60o and Ri = 0).  The time 
instants are selected so as to capture the flow pattern in the same phase of the 
shedding cycle.  Numerical simulations have been carried out in the forced convective 
flow regime to elucidate the role of free-stream orientation and Reynolds number on 
flow structures. 
 
Fig. 5.2 Instantaneous contours of vorticity for the conditions (α = 45o, Ri = 0 and 
40   Re  120) for five successive moments of time that span over the whole 
period 
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Fig. 5.3 Instantaneous streamline patterns in the vicinity of square cylinder for 
40  Re  120, 30o  α  60o at Ri = 0 
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Fig. 5.4 Instantaneous contours of vorticity for 30
o
  α  60o, 40  Re  120 at Ri 
= 0 
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It is seen from Fig. 5.3 that the large vortex attached to the top face of square cylinder 
stretches towards the right face with increase in free-stream orientation for the entire 
range of Reynolds number.  Stretching of attached vortex on the top face of cylinder 
increases either with increase in free-stream orientation and/or Reynolds number.  
Increase in Reynolds number increases the fluid inertia leading to speed-up of the 
shear layer resulting in stretching of attached vortex on the top face of cylinder 
towards the right face.  Further increase in Reynolds number moves the stretched 
vortex towards the right face of the cylinder as can be seen from Fig. 5.3.  It is also 
seen from Fig. 5.3 that the secondary vortex comes into existence as the Reynolds 
number increases for the entire free-stream orientation range.  The size of the 
secondary vortex is found to be maximum at α = 45o for the selected range of 
Reynolds number. 
Fig. 5.4 depicts the instantaneous contours of vorticity for various free-stream 
orientations and Reynolds numbers for forced flow.  It is observed that the attached 
vortices to the top and right faces of the cylinder (shown by dotted and firm lines) are 
shed more frequently in the wake on the downstream side of cylinder as the Reynolds 
number increases. 
Figures 5.5-5.6 depict the instantaneous streamline patterns and contours of 
vorticity in the mixed convective flow regime for the cross-flow (α = 90o) past a 
cylinder.  The Reynolds and Richardson numbers are varied in the ranges 0.6  Ri  
1.4 and 40  Re  120 respectively, in order to explain the role of fluid inertia and 
buoyancy forces together on flow structures.   
It is interesting to see that the von Kármán vortex-street in Fig. 5.5 is altered 
significantly with increase in Richardson number for lower Reynolds number.  The 
wake shows a relatively lower sensitivity to Richardson number for higher Reynolds 
number.  It is also interesting to see from Fig. 5.5 that the flow is also influenced 
slightly on the upstream side with increase in the Reynolds number for the selected 
range of Richardson number.  The stagnation point is shifted upwards with increase in 
Richardson number (as discussed earlier in Chapter 4) for the entire range of 
Reynolds number. 
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Fig. 5.5 Instantaneous streamline patterns in the vicinity of the square cylinder 
for the conditions (α = 90o, 40  Re  120 and 0.6  Ri  1.4) in the same phase of 
the shedding cycle 
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Fig. 5.6 Instantaneous contours of vorticity at α = 90o, 40  Re  120 and 0.6  Ri 
 1.4 around the square cylinder in the same phase of the shedding cycle 
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Contours of vorticity in the mixed convective flow regime for α = 90o are 
shown in Fig. 5.6.  It is observed that the counter-rotating vortices having negative 
and positive sense are shed in the wake on the downstream side of cylinder either with 
increase in the Richardson number or Reynolds number.  Size of shed vortices are 
decreased either with increase in buoyancy forces and/or inertia forces.  Increase in 
buoyancy promotes asymmetry and hence accelerates the instability while increase in 
Re has the effect of reducing the diffusion effects that leads to increase in attached 
vortex size. 
Streamline patterns and contours of vorticity in the mixed convective steady 
flow regime are depicted in Figs. 5.7-5.8 for 20  Re  120 and 1.2  Ri  1.6 at α = 
30
o
.  As the flow is steady, no vortex-shedding is observed for the selected range of 
parameters.  It is interesting to see from Fig. 5.7 that no separated zones on any faces 
of cylinder are observed for Reynolds number Re = 20 for the selected range of 
Richardson number.  At Re = 40, a small separation bubble/zone is observed on the 
right face of the cylinder.  Further increase in Reynolds number introduces the 
secondary vortex on the top face of the cylinder for the selected rang of Richardson 
number.  Increase in Reynolds number increases the fluid inertia effects over diffusive 
effects.  It is interesting to see from Fig. 5.7 that the attached vortices on the right and 
top faces of the cylinder become smaller in size with increase in Richardson number.  
Increase in Richardson number (as discussed earlier in Chapter 3) leads to enhanced 
baroclinic effects that counter the vorticity convection and diffusion in the wake from 
shear layers.  This leads to reduction in size of attached vortices in the steady flow 
regime. 
 
5.2 Characteristics of Strouhal number 
Shedding of vortices in the wake on the downstream side of bluff-body is 
characterized by a dimensionless number or dimensionless frequency known as 
Strouhal number (St).  It represents a fundamental property associated with the 
periodic flows.  The dimensionless frequency or Strouhal number in the present study 
is obtained from the time history of lift coefficient as the shedding frequency is 
correlated to oscillations in lift. 
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Fig. 5.7 Steady state streamline patterns at (α = 30o, 20  Re  120 and 1.2  Ri  
1.6) 
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Fig. 5.8 Steady state contours of vorticity for (20  Re  120 and 1.2  Ri  1.6) at 
α = 30o 
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Variation of Strouhal number with free-stream orientation is shown in Fig. 
5.9(a) for the range of Reynolds number 40  Re  120 at Ri = 0.  The Strouhal 
number shows modest sensitivity to free-stream orientation for the entire range of 
Reynolds number in the forced flow regime.  The magnitude of Strouhal number for a 
fixed free-stream orientation increases with increase in Reynolds number.  This is due 
to the fact that an increase in Reynolds number increases the growth rate of instability 
and also the intensity of circulation in the vortices via shear layer seed-up.  Thus, they 
are shed at a faster rate at higher Re.  The magnitude of Strouhal number is found to 
be minimum at α = 45o for the range 60  Re  120.  The percentage decrease in 
Strouhal number at a free-stream orientation α =  45o is found to be 0.99%, 2.84%, 
3.84% and 4.15% for Reynolds number Re = 60, 80, 100 and 120 respectively, 
relative to the value obtained at a free-stream orientation α = 0o.  For Reynolds 
number Re = 40 the change in Strouhal number with increase in free-stream 
orientation in the range 30
o
  α  60o is negligible at Ri = 0 as can be seen from Fig. 
5.9(a).  At Re = 20 the flow is always found to be steady for the entire range of free-
stream orientation and Richardson number. 
Variation of Strouhal number with Richardson number for various Reynolds 
number in the mixed convective flow regime is depicted in Figs. 5.9(b)- 5.9(f) for the 
condition (40  Re  120, 0  Ri  1.6 and 30o  α  90o).  The values of St for a 
given Reynolds number are normalized by the corresponding forced flow value (Ri = 
0) in order to highlight the effect of buoyancy.  It is seen from figure that the Strouhal 
number increases with increase in Richardson number and suddenly falls to zero when 
Richardson number crosses the critical value, the trend remains same for the entire 
Reynolds number range.  The shear layer speeds-up or gains momentum with increase 
in Richardson number resulting in an increase in the circulation build up rate of 
vortices.  The vortices in this condition do not remain stable for longer time intervals 
and instead are shed (periodically) more frequently. 
As expected, the Strouhal number sensitivity to Richardson number reduces 
with increase in free-stream orientation and is found to be least at α = 90o for the 
entire range of Reynolds number as can be seen from Fig. 5.9.  The percentage 
increase in Strouhal number for cross-flow is found to be 20.59%, 13.84%, 8.62% and 
4.69% at Re = 60, 80, 100 and 120 respectively, for an increase in Ri from 0 to 1.6. 
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Fig. 5.9 St-α and St-Ri characteristics at (a) Ri = 0, 40   Re  120 for 0o  α  90o 
and ((b)-(f)) at 0  Ri  1.6, 40   Re  120 for 30o  α  90o 
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However, in the mixed flow, the sensitivity to Re is highest at α = 90o.  It is seen from 
Figs. 5.9(b)-5.9(e) that for a fixed value of Richardson number the magnitude of 
Strouhal number decreases with increase in Reynolds number.  At a free-stream 
orientation α = 90o the flow is always found to be unsteady periodic flow.  Variation 
of Strouhal number with Richardson number is depicted in Fig. 5.9(f) for Re = 40 at α 
= 90
o
.  The flow is found to be steady for small values of Richardson number (Ri ˂ 
0.6), the onset of vortex-shedding is found to occur at higher Richardson number (Ri 
 0.6).  The transition/bifurcation is already reported earlier in Chapter 3.  The 
increase in Ri beyond 0.6 at (Re = 40, α = 90o) causes only a very slight increase in St 
(20%) 
 
5.3 Mean surface pressure and surface vorticity 
Figure 5.10 depicts the variation of mean pressure along the surface of the 
cylinder () for 20  Re  120 and 0o  α  70o at Ri = 0, 0.8 and 1.6, respectively.  
The mean surface pressure is found to be maximum for the face(s) that faces the free-
stream for the entire range of selected parameters.  It is interesting to see from Fig. 
5.10 that the surface pressure in the forced convective flow regime decreases with 
increase in Reynolds number for the entire free-stream orientation range.  It is seen 
from figure for Ri = 0 at α = 45o that the mean pressure on the faces AB and AD 
decreases with increase in Reynolds number.  Increase in Reynolds number increases 
inertia effects relative to viscous diffusion, resulting in enhanced reduction in mean 
pressure on the faces AB and AD of the cylinder.  Also the mean pressure on the faces 
BC and DC decreases with increase in Reynolds number.  The effects of Reynolds 
number on mean pressure for the faces BC and DC are explained via the mean 
streamline patterns shown in Fig. 5.11(a) for Ri = 0 and α = 45o.  It is depicted in 
figure that the attached vortices behind the cylinder are reduced in size with increase 
in Re.  The point of minimum pressure (i.e. the pressure at the centre of the vortex) is 
shifted near to the faces (BC and DC) of the cylinder and influences the mean 
pressure on the faces BC and DC.  The pressure at the vertices B and D of the 
cylinder decreases with increase in Reynolds number due to enhanced bending of 
streamlines at higher Reynolds number at vertices B and D as depicted in Fig. 5.11(a).  
Also the pressure along the faces BC and DC is nearly constant for the entire range of 
Reynolds number.  The outcome is the reduction in mean pressure on the faces BC 
 130 
and DC of the cylinder with increase in Reynolds number.  Similarly for free-stream 
orientations α = 0o, 30o and 70o, mean surface pressure or the pressure at the vertices 
of the cylinder altered significantly with increase in Reynolds number. 
 
Fig. 5.10 Variation of mean pressure along the surface () of cylinder for the 
condition (20  Re  120, 0o  α  70o at Ri = 0, 0.8, 1.6) 
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Fig. 5.11 Mean/steady streamline pattern at α = 45o for Re = 20, 60 and 100 at (a) 
Ri = 0 and (b) Ri = 1.6 
 
The surface pressure is affected significantly by the buoyancy forces for α = 0o 
as can be seen from Fig. 5.10.  The effect of buoyancy is reduced with increase in the 
orientation of the free-stream and is found to be minimum when the free-stream 
approaches cross-flow (α = 90o) situation.  For Ri = 1.6 and α = 45o it is observed that 
the mean pressure on the front face AD decreases with increase in Reynolds number.  
Increase in Reynolds number increases fluid inertia relative to viscous diffusion.  This 
results in sharper turns of flow by buoyancy effects near the cylinder, resulting in 
reduction in mean pressure on the face AD.  It is also depicted in figure that the mean 
pressure on the face AB increases with increase in Reynolds number.  Mean pressure 
on the faces BC and DC increases with increase in Reynolds number.  The reason is 
the formation of larger vortices behind the cylinder at higher Reynolds number as 
depicted in Fig. 5.11(b) that affects the pressure recovery along faces BC and DC of 
the cylinder at different Re.  The point of minimum pressure is shifted far from the 
faces BC and DC with increase in Reynolds number, which influences the mean 
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pressure on the faces BC and DC.  The pressure along the faces BC and DC is nearly 
constant for the entire range of Reynolds number.  The shifting of centre of minimum 
pressure from the faces BC and DC and the pressure recovery along the faces 
resulting in increase in the pressure on the faces BC and DC with increase in 
Reynolds number.  Also the pressure on the vertices B and D of the cylinder increases 
with increase in Reynolds number due to the fact that the bending of streamlines are 
found lesser at higher Reynolds number as can be seen from Fig. 5.11(b).  In the same 
manner mean surface pressure and pressure at the vortices are affected significantly 
with the variation in Reynolds number for α = 0o, 30o and 70o. 
Variation of mean surface vorticity along the surface of cylinder is depicted in 
Fig. 5.12 for the conditions (20  Re  120, 0  Ri  1.6 and 0o  α  70o).  The mean 
surface velocity changes it sense across the stagnation point, resulting in change in 
sign of the surface vorticity across the stagnation point.  The separation point as 
depicted in Fig. 5.12 is found on the face AB of the cylinder for α = 0o, for α = 30o the 
stagnation point is shifted towards vertex A and for α = 45o and 70o it lie on the face 
AD of the cylinder.  It is depicted in Fig. 5.12 that the mean surface vorticity 
increases with increase in Reynolds number.  Increase in Reynolds number increases 
the fluid inertia relative to viscous diffusion leading to thinner viscous layers near 
attached flow faces leading to increase in the mean surface vorticity.  The rapid 
acceleration of fluid particle across the corners with increase in Reynolds number 
causes large vorticity at the corners of the cylinder.  Magnitude of vorticity is always 
found maximum for the face having the stagnation point and at the vertices of the 
cylinder adjacent to the stagnation point. 
 
5.4 Global parameters 
Numerical experiments are conducted in the forced and mixed convective flow 
regime in order to investigate the role of Reynolds number on global parameters (i.e. 
on aerodynamic parameters and on heat transfer characteristics) for the conditions (20 
 Re  120, 0  Ri  1.6 and 0o  α  90o). 
 
5.4.1 Aerodynamic parameters 
Time histories of lift and drag coefficients in the forced flow regime are 
depicted in Fig. 5.13 for Re = 40 and free-stream orientation 30
o
  α  60o.  The flow 
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for the selected range of parameters is found to be unsteady periodic flow with 
shedding of vortices in the wake on the downstream side of cylinder. 
 
Fig. 5.12 Mean vorticity along the surface of cylinder at 20  Re  120, 0  Ri  
1.6 and 0
o
  α  70o 
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The flow after an initial transition attains unsteady periodic flow, the transition 
period is large for α = 45o as compared to free-stream orientations 30o and 60o, 
respectively as can be seen from Fig. 5.13.  It is also seen from Fig. 5.13 that the 
amplitudes of lift coefficient for α = 45o are greater than those for either α = 30o and 
60
o
. 
 
Fig. 5.13 Lift and drag coefficients vs non-dimensional time at Re = 40, Ri = 0 
and 30
o
  α  60o 
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The reason for large amplitudes of lift coefficient at α = 45o is the shedding of large 
size vortices from either side of the cylinder as depicted in Fig. 5.3.  The highest 
(peak) and lowest (trough) values of amplitude of lift coefficient is associated with the 
shedding of vortices having positive and negative sense of vorticity.  Amplitudes of 
drag coefficient shown in Fig. 5.13 are found to be smaller for free-stream orientation 
of 45
o 
in comparison with α = 30o and 60o, respectively.  It is observed from Fig. 5.13 
that mean (time mean) drag coefficient for Re = 40 and Ri = 0 is larger at α = 45o than 
at α = 30o and 60o, respectively. 
Variation of lift and drag coefficients with non-dimensional time is shown in 
Figs. 5.14-5.15 for the conditions (60  Re  120 and 30o  α  60o) at a fixed 
Richardson number Ri = 0.2 in order to highlight the effects of free-stream orientation 
and Reynolds number on aerodynamic parameters.  It is depicted in Fig. 5.14 and Fig. 
5.15 that the flow is found to be unsteady periodic flow with an initial transition.  The 
initial transition period is found to be more at a free stream orientation α = 45o in 
comparison with free-stream orientations 30
o
 and 60
o
 respectively, for the selected 
range of Reynolds number.  The growth rate of instability is lower at α = 45o than for 
α = 30o or α = 60o owing to the symmetry of the flow configuration on either side of 
the free-stream orientation.  It is seen from Fig. 5.14 that the amplitudes of lift 
coefficient are found large at α = 45o than at α = 30o and 60o for the entire range of 
Reynolds number.  It is also seen from Fig. 5.14 that the amplitudes of lift coefficient 
increases with increase in Reynolds number for the selected range of free-stream 
orientations.  On the other hand, smaller amplitudes of drag coefficient are found for 
α = 45o than at α = 30o and α = 60o for the entire range of Reynolds number (Fig. 
5.15).  It is also observed from Fig. 5.15 that the mean values of drag coefficient 
increases with increase in Reynolds number.  The amplitudes of drag coefficient also 
increase with increase in Reynolds number.  Figures 5.14-5.15 show an increase in the 
frequency of vortex-shedding with increase in Reynolds number for the selected range 
of free-stream orientations. 
Variation of pressure along the surface of the cylinder for five successive 
moments of time that span over the whole period is shown in Fig. 5.16 for the 
conditions (α = 45o, Ri = 0.2, 60  Re  120).  It is observed that the pressure 
difference across the vertices B and D at any instant of time increases with increase in 
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Reynolds number.  Increase in pressure difference across vertices B and D of the 
cylinder increases the lift force and also the amplitudes of lift coefficient with 
increase in Reynolds number (refer Fig. 5.14). 
 
Fig. 5.14 Temporal variation of lift coefficient for the conditions (Ri = 0.2, 60  
Re  120 and 30o  α  60o) 
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Fig. 5.15 Variation of drag coefficient with non-dimensional time for 60  Re  
120 and 30
o
  α  60o at Ri = 0.2 
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Fig. 5.16 Pressure along the surface of cylinder at α = 45o, Ri = 0.2 and 60  Re  
120 for five successive moments of time that span over the whole period 
 
Increase in pressure difference across corners A and C increases the 
amplitudes of drag coefficient with increase in Reynolds number as can be seen from 
Fig. 5.15.  The mean values of drag coefficient increases with increase in Reynolds 
number as observed in Fig. 5.15 due to the fact that the pressure difference across 
vertices A and C and the vorticity at the vertices A and C increases with increase in 
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Reynolds number (Fig. 5.17).  Also at higher Re, more vorticity is generated from 
cylinder faces as can be seen from Fig. 5.17. 
 
Fig. 5.17 Mean pressure and mean vorticity along the surface of cylinder for 60  
Re  120 and 30o  α  60o at Ri = 0.2 
 
In order to highlight the effects of buoyancy and inertia forces on time 
histories of lift and drag coefficients, results of numerical simulations are presented 
for the range of Reynolds and Richardson numbers (0  Ri  0.4 and 60  Re  120) 
at a fixed free-stream orientation α = 45o in Figs. 5.18-5.19.  It is depicted in Fig. 5.18 
that the amplitudes of lift coefficient increases with increase in Reynolds number (as 
discussed earlier) for the entire range of Richardson number.  The effect of 
Richardson number is more pronounced at lower Reynolds number than at higher 
Reynolds numbers.  It is also observed that the frequency of vortex-shedding 
increases with increase in Richardson number as depicted in Fig. 5.18 (as discussed 
earlier in Chapter 4). 
It is observed that the amplitudes of drag coefficient increase with increase in 
Reynolds number for the entire range of Richardson number as shown in Fig 5.19.  
The mean drag coefficient increases either with increase in Reynolds number or with 
increase in Richardson number as can be seen from Fig. 5.19. 
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Fig. 5.18 Temporal variation of lift coefficient in the forced and mixed convective 
flow regime at a free-stream orientation of 45
o
, 0  Ri  0.4 and 60  Re  120 
 
As depicted in Fig. 5.20 that the pressure decreases significantly on faces BC and CD 
of the cylinder with increase in Reynolds number and/or Richardson number, leading 
to large pressure gradient across the cylinder and hence large mean drag coefficient.  
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Increase in Reynolds number brings about greater pressure drop around corners B and 
D due to dominance of inertia effects over viscous diffusion.  This leads to lower 
pressures on downstream faces BC and CD of the cylinder 
 
Fig. 5.19 Variation of coefficient of drag with non-dimensional time for the 
conditions (α = 45o, 0  Ri  0.4 and 60  Re  120) 
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Fig. 5.20 Mean surface pressure profiles at 60  Re  120, 0  Ri  0.4 and α = 45o 
 
Table 5.1 summarizes the data for mean lift, mean drag, heat transfer (Nusselt 
number) and vortex-shedding frequency (Strouhal number) for the cases discussed 
above.  It is evident from the data given in Table 5.1 that the mean drag coefficient 
and frequency of vortex-shedding increases with increase in Reynolds number for a 
set of free-stream orientation and Richardson number.  Also the heat transfer 
increases with increase in Reynolds number for a set of free-stream orientation and 
Richardson number. 
Variation of mean (time mean) coefficient of lift ( LC ) with Richardson 
number for various Reynolds number at different free-stream orientation is shown in 
Fig. 5.21.  Mean coefficient of lift in Fig. 5.21 for unsteady and steady flow regimes 
is shown by firm and dotted lines respectively.  It is observed from Fig. 5.21 that 
mean lift coefficient is nearly zero at a free-stream orientation α = 0o for the entire 
range of Richardson number.  The trend remains same for the selected range of 
Reynolds number.  For the condition when free-stream is aligned (α = 0o) with 
buoyancy forces, the mean pressure difference across the faces AD and BC of the 
cylinder is found to be negligible as can be seen from Fig. 5.10 resulting in nearly 
zero transverse or lift force and also the mean lift coefficient. 
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Table 5.1 Mean lift and drag coefficients, Strouhal number (St) and mean 
Nusselt number ( Nu ) for 40  Re  120, 0o  α  60o and 0  Ri  0.4. 
Reynolds 
number 
(Re) 
Free-stream  
orientation 
(α) 
Richardson 
number 
(Ri)  
LC  DC  St Nu  
 30
o
 0 -5.5705x10
-2 
2.0795 0.1026 2.7245 
40 45
o
 0 4.2002x10
-2 
2.2072 0.1028 2.7782 
 60
o
 0 0.1355 2.0274 0.1028 2.7640 
       
 0
o
 0 -1.4203x10
-3 
1.5275 0.1206 3.2128 
60 30
o
 0.2 -0.3193 2.4101 0.1345 3.4517 
 45
o
 0 2.7197x10
-2
 2.3219 0.1195 3.4411 
 45
o
 0.2 -0.1722 2.5314 0.1312 3.5082 
 45
o
 0.4 -0.3919 2.6915 0.1420 3.5460 
 60
o
 0.2 -0.1064 2.1886 0.1293 3.4491 
       
 0
o
 0 -1.3655x10
-3
 1.4712 0.1338 3.6471 
80 30
o
 0.2 -0.3061 2.4965 0.1438 4.0371 
 45
o
 0 2.2897x10
-2
 2.4524 0.1300 4.0069 
 45
o
 0.2 -0.1558 2.6495 0.1409 4.0888 
 45
o
 0.4 -0.3341 2.7957 0.1504 4.1508 
 60
o
 0.2 -6.7151x10
-2
 2.2865 0.1394 4.0381 
       
 0
o
 0 -1.0942x10
-3
 1.4380 0.1432 4.0511 
100 30
o
 0.2 -0.2841 2.6090 0.1508 4.5526 
 45
o
 0 1.9272x10
-2
 2.5763 0.1377 4.5124 
 45
o
 0.2 -0.1570 2.7651 0.1481 4.6026 
 45
o
 0.4 -0.3285 2.8961 0.1562 4.6722 
 60
o
 0.2 -6.7827x10
-2
 2.3987 0.1464 4.5625 
       
 0
o
 0 -4.1067x10
-4
 1.4212 0.1492 4.4162 
120 30
o
 0.2 -0.2418 2.7184 0.1560 5.0199 
 45
o
 0 9.6314x10
-3
 2.6740 0.1430 4.9684 
 45
o
 0.2 -0.1721 2.8663 0.1531 5.0658 
 45
o
 0.4 -0.3489 2.9888 0.1610 5.1373 
 60
o
 0.2 -0.1142 2.5118 0.1515 5.0137 
 
For α = 30o, 45o, 60o and 90o, it is observed that LC  increases in magnitude 
with (a) increase in Richardson number and/or (b) decrease in Reynolds number.  
However, sensitivity to Richardson number is more for lower Reynolds number than 
at higher Reynolds number.  This is expected as buoyancy effects would tend to 
dominate more over inertia effects at lower Reynolds number. 
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Fig. 5.21 Time mean lift coefficient vs Richardson number for the conditions (20 
≤ Re ≤ 120, 0o ≤ α ≤ 90o and 0 ≤ Ri ≤ 1.6) (  steady flow,  
unsteady flow) 
 
At a fixed Richardson number, increase in Reynolds number reduces the 
magnitude of mean transverse force.  As explained in previous chapter, increase in 
Richardson number bends the streamlines around corner B in a more pronounced 
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manner than around corner D.  This effect is readily observed in mean streamline 
patterns depicted in Fig. 5.22.  At Ri = 1.6, the pronounced bending of mean 
streamlines is readily observed.  As Reynolds number increases, the bending around 
corner B is observed to be reduced.  This corroborates well with the trends of 
reduction in LC  with increase in Reynolds number.  Figure 5.21 also depicts an 
interesting fact.  The magnitude of LC  is larger in the steady flow regime (dashed 
lines) than in the unsteady flow regime (solid lines). 
 
Fig. 5.22 Mean/steady streamline patterns for 60  Re  120, Ri = 0.2 and 1.6 at α 
= 45
o 
 
Variation of mean coefficient of moment MC  with Richardson number for 
various free-stream orientations and Reynolds number is shown in Fig. 5.23.  It is 
observed that mean coefficient of moment at α = 0o is always found to be zero for the 
selected ranges of Reynolds and Richardson numbers.  The mean flow at α = 0o is 
found to be symmetric, produces zero turning moment and hence zero mean 
coefficient of moment.  The flow pattern for α ≠ 0o is found to be asymmetric for the 
selected range of Reynolds and Richardson number as depicted in Fig. 5.24. 
The mean coefficient of moment increases with increase in Richardson 
number at a fixed Reynolds number, while increase in Reynolds number at a fixed 
Richardson number reduces the mean moment.  Mean coefficient of moment at lower 
Re is found to be more sensitive to Richardson number than at higher Re. 
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Fig. 5.23 Variation of mean/steady coefficient of moment with Richardson 
number at 20 ≤ Re ≤ 120, 0o ≤ α ≤ 90o and 0 ≤ Ri ≤ 1.6 (  steady flow, 
 unsteady flow) 
The mean flow asymmetry decreases with increase in Reynolds number as depicted in 
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sensitive to Richardson number at higher Reynolds number.  The trends of MC are 
similar to the trends exhibited by LC . 
 
Fig. 5.24 Mean/steady streamline patterns for Re = 20 and 120, 0
o
  α  90o at Ri 
= 1.6 
Figure 5.25 depicts the variation of mean drag coefficient D(C )  with respect 
to free-stream orientations at Ri = 0, 20  Re  120 and 0o  α  90o.  It is observed 
that D Ri 0.0(C )   increases with increase in α, reaches to its maximum at α = 45
o
 and 
decreases there after with increase in α. 
 
Fig. 5.25 Variation of mean/steady drag coefficient with free-stream orientation 
for the conditions (Ri = 0, 20 ≤ Re ≤ 120 and 0o ≤ α ≤ 90o) 
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The trend is found same for the entire range of Reynolds number.  The mean drag 
coefficient is found nearly symmetric about α = 45o.  The author believes that the 
Kunio Kuwahara’s (1999) third-order upwind scheme that is employed for convective 
terms in the interior of the domain is responsible for the slight asymmetric variation of 
the mean drag coefficient about α = 45o due to numerical errors.  The scheme is 
implemented in ξ and η directions by treated a one-dimensional approach (as in the 
usual practice), leading to numerical errors due to misalignment of velocity vector 
with the local ξ and η coordinate directions. 
The sensitivity of D Ri 0.0(C )   to α is found to be least for Re = 20 and it 
increase with increase in Reynolds number and is found to be maximum for Re = 120 
(Fig. 5.25).  It is already discussed in §5.3 that the increase in Reynolds number 
increases inertia effects relative to viscous diffusion, leading to change in mean 
pressure along the faces of cylinder.  Also the mean pressure along the surface of 
cylinder changes with respect to the orientation of the free-stream as depicted in Fig. 
5.10.  The separation point changes on the cylinder surface due to change in the 
orientation of the free-stream, leading to change in mean pressure along the faces of 
the cylinder with respect to α.  The change in the Reynolds number and/or free-stream 
orientation alters significantly the mean pressure across the cylinder in the direction of 
the fluid stream and also the mean drag coefficient.  At α = 0o and 90o, mean drag 
coefficient decreases with increase in Reynolds number while it increases with 
increase in Reynolds number at α ≠ 0o and α ≠ 90o. 
Fig. 5.26 depicts the variation of ratio of mean (time mean) drag coefficient 
( D D Ri 0.0C / (C )  ) with Richardson number (0 ≤ Ri ≤ 1.6) for the range of Reynolds 
number and free-stream orientation 20 ≤ Re ≤ 120 and 0o ≤ α ≤ 90o, respectively.  
Mean drag coefficient ( DC ) for a particular Reynolds number is normalized with 
respect to the value observed for forced flow (Ri = 0) for same (α, Re) in order to 
highlight the effects of buoyancy.  The firm and dotted lines in Fig. 5.26 shows the 
ratio of mean drag coefficient ( D D Ri 0.0C / (C )  ) for unsteady and steady flows.  As 
expected the ratio increases with increase in Richardson number for the entire range 
of Reynolds number.  The trend is found same for the selected range of free-stream 
orientations except for α = 90o. 
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Fig. 5.26 Variation of ratio of mean/steady drag coefficient ( D D Ri 0.0C / (C )  ) with 
Richardson number at 20 ≤ Re ≤ 120, 0o ≤ α ≤ 90o and 0 ≤ Ri ≤ 1.6 (  
steady flow,  unsteady flow) 
 
It is seen from Fig. 5.26 that the mean drag coefficient is less sensitive to 
Reynolds number for unsteady flows in comparison with steady flows.  This is owing 
to the fact that in case of steady flows the vortices are trapped in between the shear 
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layers in the wake behind the cylinder.  With increase in Reynolds number the shear 
layer speeds-up which increases the rate of circulation of trapped vortices.  This in 
turn reduces the pressure in the circulating zone of vortices resulting in large drag 
force and hence large mean drag coefficient. 
As explained earlier in Chapter 4 that large mean pressure gradient across the 
cylinder in the direction of the fluid stream is responsible for the occurrence of large 
mean drag force and large mean drag coefficient.  It is depicted in Fig. 5.10 that for (α 
= 0
o
, Ri = 0) the mean pressure on the front face AB of the cylinder that faces the 
free-stream is found large as compared to that at the rear face CD of the cylinder.  The 
stagnation point is formed on the front face AB of the cylinder leading to high mean 
pressure on face AB of the cylinder, the fluid accelerates rapidly around the 
stagnation point.  The cylinder in this condition experiences large mean pressure 
gradient and consequently the large mean drag coefficient.  It is also depicted in Fig. 
5.10 that mean pressure gradient increases with increase in Richardson number 
resulting in large mean drag coefficient at higher Richardson number.  The trend 
remains same for the selected range of Reynolds number.  For free-stream 
orientations other than α = 0o mean drag coefficient varies accordingly, depending 
upon the mean surface pressure at various Reynolds and Richardson numbers. 
The ratio D D Ri 0.0C / (C )   allows one to ascertain and highlight the effects of 
buoyancy.  Figure 5.26 shows that at a fixed Ri, increase in Re tends to reduce the 
ratio of mean drag coefficients.  This is an indication of mitigation of buoyancy 
effects.  At a fixed Ri, increase in Re weakening of momentum and thermal diffusion 
effects.  Since thermal diffusion is weakened, the effect of buoyancy is not spread out 
to larger distances from the cylinder.  Thus the overall effect is reduction in effects of 
buoyancy on the flow.  The scenario is more pronounced at lower α (buoyancy 
aligned to inertia situation) than at higher α. 
Interesting results are observed for the cross-flow configuration (α = 90o).  For 
Re = 20, 40, the mean drag values can be reduced by buoyancy effects to levels lower 
than those in the forced flow regime.  Also for higher Re (Re ˃ 40), increase in Ri 
causes the drag values to increase in relation to the forced flow values. 
For Re = 20 and 40, the average pressure difference across the faces AD and 
BC of the cylinder are found more at Ri = 0 than at Ri = 1.2 as depicted in Fig. 5.27, 
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leading to large drag force at Ri = 0.  The drag coefficient in this condition is found 
more at Ri = 0 than at Ri = 1.2. 
 
Fig. 5.27 Variation of steady/mean pressure along the surface of cylinder at α = 
90
o
, Ri = 0 & 1.2 and 20 ≤ Re ≤ 120 
 
The consequence is the decrease in the ratio of D D Ri 0.0C / (C )   with increasing Ri for 
Re = 20 and 40.  At higher Reynolds number the spatial average pressure difference 
across the faces AD and BC are found more at Ri = 1.2 than at Ri = 0 as can be seen 
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from Fig. 5.27, resulting in large drag force and hence large mean drag coefficient at 
Ri = 1.2 than at Ri = 0.  In this condition the ratio of D D Ri 0.0C / (C )   increases with 
increase in Ri as can be seen from Fig. 5.26. 
 
5.4.2 Heat transfer characteristics 
Figure 5.28(a) depicts the variation of mean Nusselt number ( Nu ) with free-
stream orientations for the conditions (Ri = 0, 20  Re  120, 0o  α  90o).  It is 
observed that at a fixed α, mean Nusselt number increases with increase in Reynolds 
number.  The trend is found to be same for the entire range of α.  Increase in Reynolds 
number increases the fluid inertia relative to viscous diffusion.  The heat transfer from 
the faces of the cylinder increases with increase in Reynolds number as depicted in 
Fig. 5.28(b).  The shear layer is accelerated with increase in Reynolds number while 
in turn increases the heat transfer from the attached flow face(s) of the cylinder.  The 
circulation of vortices is also increased with increase in Reynolds number, increases 
the heat transfer from the separated flow face(s) of the cylinder to the shear layers.  
The overall effect is the increase in the rate of heat transfer from the cylinder with 
increase in Reynolds number.  It is observed that the Nusselt number is less sensitive 
to α for Re = 20 and 40.  The sensitivity of Nusselt number to α is increased with 
increase in Reynolds number as depicted in Fig. 5.28(a).  
 
Fig. 5.28 (a) Variation of mean/steady Nusselt number with free-stream 
orientation for Ri = 0, 20  Re  120, 0o  α  90o and (b) Time mean local 
Nusselt number along the surface of cylinder for α = 0o, Ri = 0, 20  Re  120 
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In a manner similar to drag characteristics, the variation of ratio of mean (time 
mean) Nusselt number ( Ri 0.0Nu / (Nu)  ) for various Richardson number (0  Ri  1.6), 
Reynolds number (20  Re  120), and free-stream orientation (0o  α  90o) is 
depicted in Fig. 5.29.  In order to highlight the effects of buoyancy on heat transfer 
the mean Nusselt number for various Reynolds number has been normalized or scaled 
with respect to the value observed at Ri = 0.  The firm and dotted lines in the figure 
shows the unsteady and steady flows as shown in the previous cases of mean lift and 
drag coefficients.  At α = 0o ratio of mean Nusselt number increases with increase in 
Richardson number. The trend is found to be similar for the entire range of Reynolds 
number.  It is also depicted in Fig. 5.29 that the heat transfer for the selected range of 
Reynolds number is found to be most sensitive to buoyancy for the condition when 
free-stream is aligned (α = 0o) with the buoyancy forces.  For aligned situation the 
fluid particles are accelerated with increase in Richardson number.  This results in a 
faster rate of heat removal from the cylinder in comparison to the scenario of forced 
flow. 
Mean Nusselt number is found to be less sensitive to Richardson number as 
the degree of misalignment increases (α = 30o, 45o, 60o), as expected, and is found to 
be least sensitive to Ri at α = 90o due to complete misalignment between inertia and 
buoyancy forces.  The rate of heat transfer is found to be more sensitive to Richardson 
number for steady flows in comparison to unsteady flows.  The maximum increase in 
heat transfer for free-stream orientation of 30
o
, 45
o
 and 60
o
 over and above the forced 
flow regime value is found to be 28%, 24% and 20% respectively, for (Re = 20, Ri = 
1.6).  At α = 0o, an almost 30% enhancement in the heat transfer is brought about by 
buoyancy effects at Ri = 1.6 for the selected range of Reynolds number. 
At a fixed Ri, as Re is increased, the ratio Ri 0.0Nu / (Nu)   decreases for any α 
(except α = 90o).  However in cross-flow configuration (α = 90o), increase in Re at a 
fixed Ri brings about an increase in heat transfer relative to the forced flow scenario.  
The major difference in the trend can be attributed to the fact that at α = 90o all flows 
(except at Re = 20) are unsteady in character, where as for other values of α, owing to 
suppression of vortex-shedding for Ri ˃ Ric the flows are steady.  The effect of Re on 
the ratio Ri 0.0Nu / (Nu)   is different in the steady and unsteady flow regimes. 
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Fig. 5.29 Variation of time mean Nusselt number ( Ri 0.0Nu / (Nu)  ) as a function of 
Richardson number for 20 ≤ Re ≤ 120, 0o  α  90o and 0 ≤ Ri ≤ 1.6 (  
steady flow,  unsteady flow) 
 
At α = 90o, in the unsteady flow regime, increase in Re at a fixed Ri brings 
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attached flow faces.  This brings about an overall increase in heat transfer at a fixed 
Ri.  For 0
o
  α  90o, in the steady flow regime, increase in Re at a fixed Ri brings 
about a decrease in overall buoyancy effects as the thermal diffusion is weakened.  
The outcome is a shift in the heat transfer rate towards the values associated with the 
forced flow regime at the corresponding Re. 
Variation of local Nusselt number (NuL) with respect to free-stream 
orientation is depicted in Fig. 5.30 for α = 0o, 20 ≤ Re ≤ 120, Ri = 0 and 1.0.  It is 
observed that the rate of heat transfer from the faces of the cylinder increases with 
increase in Reynolds number.  Increase in Reynolds number increases the fluid inertia 
relative to viscous diffusion resulting in the increase in the rate of heat transfer from 
the faces.  It is also observed that the heat transfer from the faces increases with 
increase in Richardson number for the entire range of Reynolds number, except for 
the face CD of the cylinder at higher Reynolds number.  Increase in Ri increases the 
acceleration of the fluid particle and also the rate of heat transfer.  At higher Reynolds 
number the vortices are not capable to transfer more heat from the rear face CD of the 
cylinder to the shear layers with increasing Ri, therefore the heat transfer from the 
face CD of the cylinder reduces slightly at higher Ri.  But the overall heat transfer 
from the cylinder increases with increase in Ri and also the ratio Ri 0.0Nu / (Nu)   as 
depicted in Fig. 5.29.  Similar effects of Re and Ri are observed for α = 45o.  The rate 
of heat transfer from the cylinder is found to increase either with increase in Re or Ri 
as depicted in Fig. 5.31.  For α = 45o, the ratio Ri 0.0Nu / (Nu)   decreases with increase 
in Re at any fixed value of Ri as can be seen from Fig. 5.29. 
For a fixed Re = 20, the heat transfer from the faces of the cylinder is found 
nearly same at Ri = 0 and 1.0.  In this condition the ratio Ri 0.0Nu / (Nu)   remains 
nearly same for the entire range of Richardson number as depicted in Fig. 5.29.  At 
higher Reynolds number the heat transfer form the faces BC, DC increases and 
decreases from the faces AD, AB with increase in Ri.  The overall rate of heat transfer 
from the cylinder at higher Reynolds number increases with increase in Ri.   The ratio 
Ri 0.0Nu / (Nu)   at higher Reynolds number also increases with increase in Ri. 
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Fig. 5.30 Variation of local Nusselt number along the cylinder surface for the 
conditions (α = 0o, Ri = 0 and 1.0, 20 ≤ Re ≤ 120) 
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Fig. 5.31 Variation of local Nusselt number along the surface of the cylinder at α 
= 45
o, 20 ≤ Re ≤ 120 and Ri = 0 and 1.0 
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Fig. 5.32 Variation of local Nusselt number along the cylinder surface at α = 90o, 
20 ≤ Re ≤ 120 and Ri = 0 and 1.0 
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Contour maps of mean/steady drag coefficient  DC , Ri  and Nusselt number 
 Nu , Ri  on a ( Ri ) plane are depicted in Fig. 5.33 and Fig. 5.34 for 20  Re  
120. 
 
Fig. 5.33 Contour maps of mean/steady drag coefficient ( DC ) in α – Ri plane at 
(a) Re = 20, (b) Re = 40, (c) Re = 60, (d) Re = 80, (e) Re = 100 and (f) Re = 120 
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From the contour maps of mean/steady drag coefficient and Nusselt number it is 
possible to identify the ranges of parameters (α, Ri) that can yield relatively high 
mean/steady heat transfer rate accompanied by relatively low values of mean/steady 
drag coefficient. 
 
Fig. 5.34 Contour map of mean/steady Nusselt number ( Nu ) in α – Ri plane at 
(a) Re = 20, (b) Re = 40, (c) Re = 60, (d) Re = 80, (e) Re = 100 and (f) Re = 120 
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It is depicted in Fig. 5.33(a)-(f) that the mean/steady drag coefficient is found 
sensitive to values of Ri for (Re = 20, α  60o) and (40  Re  120, α  50o).  Increase 
in Ri increases the mean/steady drag coefficient as depicted in Fig. 5.33.  Mean/steady 
drag coefficient is weakly influenced by Ri for (Re = 100 and 120, α  80o). 
Contour maps of mean/steady Nusselt number for 20  Re  120 are depicted 
in Fig. 5.34(a)-(f).  It is observed that the sensitivity of Nu  to Ri is found greatest for 
α = 0o, for the entire range of Reynolds number.  High mean/steady Nusselt number 
for the entire range of Reynolds number is observed for (α  20o, Ri  0.8).  The 
sensitivity to Ri of mean/steady Nusselt number is observed less for (20  Re  120, α 
 80o).  The data of global parameters are provided in tabular form in Appendix-3. 
 
5.5 Summary 
In this chapter results of numerical experiments conducted for the conditions 
(20  Re  120, 0o  α  90o and 0  Ri  1.6) in order to investigate the effects of 
Reynolds number on spatio-temporal flow structure, mean surface pressure and 
vorticity, characteristics of Strouhal number, lift, drag, moment coefficients and the 
Nusselt number have been reported.  It is observed from instantaneous streamline 
patterns and contours of vorticity spanning over one complete vortex-shedding period 
that the vortices of negative and positive sense are shed alternately from the faces of 
the cylinder.  The vortices reduce in size with increase in Reynolds number due to the 
fact that; (i) the growth rate via viscous diffusion is reduced and simultaneously, (ii) 
the growth rate of instability is increased.  In this condition the attached vortices do 
not grow for longer time intervals and are shed more frequently. 
It is observed that in the mixed convective flow regime at α = 90o the wake is 
altered significantly with increase in Richardson number for lower Reynolds number 
and slightly for higher Reynolds number.  It is also observed that the frequency of 
vortex-shedding increases either with increase in Reynolds number and/or Richardson 
number for the entire range of free-stream orientations. 
For the forced flow, it is observed that the Strouhal number for the entire 
range of Reynolds number shows modest sensitivity to free-stream orientation.  For a 
fixed value of α, the Strouhal number is found to increase more significantly with 
increase in Reynolds number.  Also at α = 45o the magnitude of Strouhal number is 
found to be minimum for the range of Reynolds number 60  Re  120.  At Re = 40, 
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the change in the magnitude of Strouhal number is found to be negligible with 
changes in α.  In the mixed flow, the sensitivity of Strouhal number to Richardson 
number decreases with increase in free-stream orientations and is found to be least 
sensitive at α = 90o for the entire range of Reynolds number.  The Strouhal number is 
found to be maximum for Re = 120 at (α = 45o, Ri = 1.2), which is 34% 
(approximately) over and above the forced flow value at same (Re, α). 
In the forced flow regime mean pressure on the faces AB, BC, CD and DA of 
cylinder is found to decrease with increase in Reynolds number for the entire range of 
free-stream orientations.  Increase in Reynolds number increases fluid inertia relative 
to viscous diffusion leading to decrease in mean pressure on the faces of the cylinder.  
Increase in Reynolds number also decreases the pressure at the corners of the cylinder 
due to greater acceleration of flow around the corners at higher Reynolds number.  
Mean surface pressure in the mixed convective flow regime changes significantly by 
the buoyancy forces.  The effect of buoyancy forces on surface pressure reduces with 
increase in free-stream orientations and is found to be least at α = 90o.  Mean vorticity 
along the surface of cylinder is found to increase with increase in Reynolds number.  
Increase in Reynolds number also increases the vorticity at the vertices of the cylinder 
due to increase in the acceleration of fluid particle across the vertices with increase in 
Reynolds number. 
In the mixed convective flow regime, the amplitudes of lift coefficient are 
observed largest at α = 45o for the entire range of Reynolds number.  Also the 
amplitudes of lift coefficient increase with increase in Reynolds number for the entire 
range of free-stream orientations.  For the entire range of Reynolds number, the 
amplitudes of drag coefficient are found to be smallest at α = 45o.  It is observed that 
the amplitudes and the mean values of drag coefficient increases with increase in 
Reynolds number.  Frequency of vortex-shedding is found to increase either with 
increase in Reynolds number and/or Richardson number. 
Mean (time mean) coefficient of lift ( LC ) at α = 0
o
 is recorded to be zero for 
the entire range of Reynolds and Richardson numbers.  For free-stream orientations α 
≠ 0o, mean coefficient of lift increases with increase in Richardson number while it 
decreases with increase in Reynolds number.  Sensitivity of mean lift coefficient to 
Richardson number is observed more for lower Reynolds number than for higher 
Reynolds number due to the fact that the buoyancy effects are dominated more over 
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inertia effects at lower Reynolds number.  At a fixed value of Richardson number, 
increase in Reynolds number decreases the bending in streamlines, reduces the mean 
transverse force and hence the mean lift coefficient.  Mean (or steady) coefficient of 
lift for any free-stream orientation (α ≠ 0o) is found to be maximum at (Re = 20, Ri = 
1.6) for any α ≠ 0o. 
It is observed that the mean coefficient of moment ( MC ) follows the same 
trend as followed by the mean coefficient of lift.  Mean coefficient of moment is 
found to be zero at α = 0o for the selected range of Reynolds and Richardson numbers.  
For a fixed Richardson number mean coefficient of moment is found to decrease with 
increase in Reynolds number.  Increase in Reynolds number decreases the mean flow 
asymmetry, reduces the turning moment and consequently the mean coefficient of 
moment. 
In the forced flow regime, the mean drag coefficient, D Ri 0.0(C )  , increases with 
increase in free-stream orientation, reaches to its maximum value at α = 45o and then 
decreases with increase in α for the entire range of Reynolds number.  Sensitivity of 
D Ri 0.0(C )   to α is observed minimum for Re = 20 and maximum for Re = 120.  In the 
mixed convective flow regime, for a particular Reynolds number, the values of mean 
drag coefficient ( DC ) are normalized with the value D Ri 0.0(C )   to form the ratio 
 
 
D
D
C Ri,
C 0,


 in order to highlight the effects of buoyancy.  The ratio 
 
 
D
D
C Ri,
C 0,


 
increases with increase in Richardson number for the entire range of Reynolds 
number.  The trend is found similar for the entire range of free-stream orientations.  
Sensitivity of 
 
 
D
D
C Ri,
C 0,


 to Reynolds number is observed to be lower for unsteady 
flows than steady flows, due to the fact that the shear layer speeds-up and the 
circulation of trapped vortices is increased with increase in Reynolds number to a 
larger extent.  It is also observed that at a fixed value of Ri the ratio 
 
 
D
D
C Ri,
C 0,


 
decreases with increase in Reynolds number due to dominance of fluid inertia effects 
over momentum and thermal diffusion effects at higher Reynolds number.  Hence, 
owing to lower thermal diffusion, Ri effects are reduced.  The sensitivity of 
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 
 
D
D
C Ri,
C 0,


 to Ri is observed maximum at α = 0o for the entire range of Reynolds 
number, and it decreases with increase in free-stream orientations and is found to be 
least at α = 90o.  It is observed that at (α = 90o, Re = 20) the values of DC  at any Ri 
are lower than the values recorded for the corresponding forced flow. 
At a fixed α, the mean Nusselt number in the forced flow regime, increases 
significantly with increase in Reynolds number.  The trend is found to be same for the 
entire range of free-stream orientations.  The sensitivity of Ri 0.0(Nu)   to α increases 
with increase in Reynolds number for a fixed α.  In the mixed flow regime, the ratio 
 
 
Nu Ri,
Nu 0,


 for a given Re, is found to increase with increase in Richardson number at 
α = 0o.  For Re = 100, the ratio increases to 31.94%, 11.31%, 08.38%, 08.30%, 
08.23% at α = 0o, 30o, 45o, 60o and 90o, respectively as Ri is increased to 1.6.  
However, it is observed that at a fixed value of Ri the percentage change in the ratio 
 
 
Nu Ri,
Nu 0,


 is approximately 3% at α = 0o for the entire range of Reynolds number.  
The percentage change in the ratio 
 
 
Nu Ri,
Nu 0,


 for the entire range of Reynolds 
number is found to be 14.07%, 14.13%, 11.74%, and 10.62% at α = 30o, 45o, 60o and 
90
o, respectively at a fixed value of Ri = 1.6.  Therefore the heat transfers at α = 0o is 
weakly influenced by Re and strongly influenced by Ri.  The sensitivity of Nusselt 
number to Richardson number is found to be decrease with increase in free-stream 
orientations and is found to be least sensitive to Ri at α = 90o.  Also the Nusselt 
number is found to be more sensitive to Ri for steady flows than unsteady flows. 
At a fixed Richardson number the ratio 
 
 
Nu Ri,
Nu 0,


 is found to decrease with 
increase in Reynolds number for the entire range of free-stream orientations except 
for α = 90o.  At α = 90o, the ratio 
 
 
Nu Ri,
Nu 0,


 increases with increase in Reynolds 
number due to the fact that in the unsteady flow regime the vortices are shed at a 
faster rate with increase in Reynolds number (except Re = 20, where the flow is 
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always found to be steady) for a fixed Ri.  This increases the rate of heat transfer with 
increase in Re. 
It is observed that the rate of heat transfer from the faces (NuL) of the cylinder 
increases with increase in Reynolds number for the entire ranges of free-stream 
orientation and Ri.  Increase in Reynolds number increases the inertia effects relative 
to viscous/thermal diffusion resulting in the increase in the rate of heat transfer from 
the faces. 
In the next chapter, the salient outcomes of the present study are summarized, 
highlighting the new findings not reported earlier.  Further, new research directions 
are proposed that some as a guide for future efforts in the investigation of chosen clan 
of problems. 
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CHAPTER 6                                CONCLUSIONS AND RECOMMENDATIONS 
 
In the resent study a numerical investigation of flow and heat transfer past a 
heated square cylinder in both forced and mixed convective regimes has been carried 
out.  A Boussinesq approach has been employed to account for the thermal buoyancy 
effects.  Air is chosen to be the working fluid and the Prandtl number is kept fixed at 
0.71. 
The focus of the study is on the spatio-temporal flow dynamics and its impact 
on the global parameters like the Strouhal number, aerodynamic force and moment 
coefficients and the overall heat transfer rate.  Out of the five dimensionless 
parameters (Re, Pr, Ri, α, ϕ), Pr and ϕ (cylinder orientation) are kept fixed at 0.71 and 
0
o
, respectively while the other parameters are varied in the ranges 20  Re  120, 0  
Ri  1.6 and 0o  α  90o.  To the best of author’s knowledge, this work represents the 
first attempt to investigate the combined effects of the parameters (α, Re, Ri) on the 
dynamics of flow past a heated square cylinder in the mixed convective flow regime. 
The salient outcomes of the present study are summarized in the present 
chapter.  The chapter is organized in two sections.  Section 6.1 presents the main 
findings connected to the spatio-temporal flow dynamics and the observed 
bifurcations in (Ri – α) parametric space for different Re.  Section 6.2 highlights the 
essential trends observed in the global parameters in the parametric space of (Ri – α) 
at different Re. 
 
6.1 Spatio-temporal dynamics 
In the limit of large times (300), the following key observations can be 
made regarding the flow dynamics: 
1) In the (Ri – α) space, depending on Re, bifurcations/transitions from unsteady to 
steady as well as steady to unsteady are observed as Ri is increased from a zero 
value at a fixed α.  The unsteady to steady transition is accompanied by 
suppression of vortex-shedding while the steady to unsteady transition is caused 
by initiation of vortex-shedding. 
2) The flow at α = 90o is found to be unsteady and periodic with vortex-shedding for 
any (Re, Ri) in the ranges 60  Re  120 and 0  Ri  1.6.  However at Re = 40, 
only for Ri  0.5528 the flow is unsteady and periodic with vortex-shedding. 
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3) At Re = 20, the flow is always steady with attached vortices for any (Ri, α) within 
their ranges considered. 
4) For [60  Re  120, 0o  α  81o] and [Re = 40, 20o  α  70o], both unsteady 
(periodic) and steady flows are observed depending upon the values of Ri.  For Ri 
 Ric where Ric = func(α, Re), a bifurcation/transition from unsteady to steady 
accompanied by vortex-shedding suppression is observed.  The neutral curves (Ric 
= func(α)) at different Re are obtained using the Stuart-Landau theory by 
analyzing the oscillatory flow amplitude data near the critical point in the 
unsteady regime as a function of α.  The information of neutral curves is a major 
outcome of the present work as it allows clear identification of steady and 
unsteady flow regimes in the (Ri – α) parametric space. 
5) Mathematically, the neutral curves for [60  Re  120, 0o  α  81o] are very 
accurately represented by the curve-fit relation given as, 
 
1 2
c
3 4 5
C C sin( )
Ri ( , Re) .
cos( ) C C sin( C )
 
 
  
 
where C1, C2, C3, C4 and C5 are curve-fit polynomial functions of Reynolds 
number.  The polynomial coefficients (upto degree 3) are summarized as, 
 
 0 1 2 3 
C1 0.1057  35.6091x10  58.0250x10  74.1458x10  
C2 0.2991  39.7524x10  41.1124x10  74.6874x10  
C3 2.4625  11.6672x10  32.2915x10  51.0447x10  
C4 2.3666  11.6019x10  32.1992x10  69.9812x10  
C5 0.6813  48.0916x10  56.4499x10  73.5208x10  
 
6) Another major achievement of the present work is the development of a 
phenomenological model for buoyancy induced vortex-shedding suppression or its 
initiation for mixed convective flow past heated bluff-bodies.  Analysis of data in 
the near wake shows that components of baroclinic vorticity generation rate play a 
central role in causing the vortex-shedding suppression/initiation. 
7) Only periodic unsteady flows are observed for the entire ranges of the parameters 
considered. 
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6.2 Global parameter trends 
In this section, the highlights of trends in global parameters like Strouhal 
number, lift coefficient, drag coefficient, moment coefficient and the Nusselt number 
are enumerated.  These findings are significant from the point of view of exercising 
control over these design parameters via the operating parameters (α, Ri, Re).  For the 
purpose of clarity the highlights in trends for forced flow and mixed convective flow 
are presented separately. 
 
A. Forced flow regime 
For the forced flow it is sufficient to consider the free-stream orientation in the 
range [0
o
  α  45o] as the flow dynamics exhibits a symmetry about α = 45o.  The 
main observations regarding effects of α and Re on the global parameters can be 
summarized as: 
1) In the unsteady regime (0o  α  45o, 60  Re  120), the Strouhal number 
decreases with increase in α and is minimum at α = 45o.  However at (Re = 40, 20o 
 α  70o) the sensitivity of Strouhal number to free-stream orientation is very 
low.  Strouhal number increases with increase in Reynolds number.   
2) The mean/steady sideways/lift force coefficient LC  is nearly zero for time mean 
symmetric flow at (α = 0o, 45o, 90o).  For (α = 20o, 70o) the magnitude of LC  is 
maximum but directions are opposite.  Increase in Re decreases LC  for α ≠ 0
o
, 
45
o
, 90
o
. 
3) The mean/steady moment coefficient MC follows the same trend as LC . 
4) The mean/steady drag coefficient DC  increases with α with a maxima at α = 45
o
 
for 20  Re  120.  The sensitivity to α also increases with Re. 
5) The mean/steady Nusselt number or Nu  increases with α and is maximum at α = 
45
o
 for 20  Re  120.  Increase in Re increases Nu  for a particular α.  The 
sensitivity to α increases with increase in Re. 
 
B. Mixed convective flow regime 
1) For [60  Re  120, 0o  α  81o], the Strouhal number increases with Ri for Ri  
Ric(α, Re) and falls to zero value for Ri  Ric(α, Re) owing to suppression of 
vortex-shedding.  A similar trend is observed for (Re = 40, 20
o
  α  70o).  
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Sensitivity to Ri is reduced with increase in α.  However for (Re = 40, 87o  α  
90
o
), increase in Ri beyond a critical value introduces a sudden jump in Strouhal 
number from zero to finite values owing to initiation of vortex-shedding. 
2) For α ≠ 0o, the mean/steady lift coefficient increases with increase in Ri while it 
decreases with increase in Re.  Thus, highest lift coefficients are recorded for (Re 
= 20, Ri = 1.6).  The moment coefficient follows a similar trend.  The sensitivity 
to Ri increases with increase in α and reduces with increase in Re. 
3) The mean/steady drag coefficient increases with increase in Ri for any (α, Re) 
except for α = 90o.  At α = 90o, increase in Ri decreases the drag for 20  Re  
120.  In fact for Re = 20, the drag values are reduced to levels significantly lower 
at high Ri than those observed for the corresponding forced flow.  In general, in 
mixed convective flow, the affect of increase in Re is to reduce the mean/steady 
drag coefficient for any (α, Ri).  The drag coefficient values are highest at o45   
for any (Ri, Re) except for Re = 20. 
4) The mean/steady heat transfer rate or Nusselt number increases with increase in Ri 
for any (α, Re).  The general affect of increase in Re is to increase the mean/steady 
heat transfer rate.  The sensitivity to α is more at high Re ( 60) than at low Re 
(Re = 20, 40).  For [80  Re  120, Ri  0.4], the heat transfer rate undergoes a 
non-monotonic trend with α similar to that observed for the forced flow regime.  
However for (Re  60, Ri  0.5), the buoyancy effects dominate and heat transfer 
rate undergoes a monotonic decrease with increase in α. 
5) From the contour maps of mean/steady drag coefficient DC  and Nusselt number 
Nu  it is possible to identify the ranges of parameters (α, Ri) that can yield 
relatively high mean/steady heat transfer rate accompanied by relatively low 
values of mean/steady drag coefficient.  For [70
o
  α  90o, 0  Ri  1.6], such a 
scenario is possible for any Re [20, 120] .  However, in this range of parameters 
the cylinder would experience an increased sideways or lift force. 
6) Maximum heat transfer rates enhancement over and above the corresponding 
forced flow values is achieved for α = 0o. 
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6.3 Recommendations for further studies 
 In this section, recommendations are provided that can serve as a guide for 
further investigations of mixed convective flow past a square cylinder.  These 
suggestions are enumerated as follows; 
1. The effect of Prandtl number on the flow dynamics and global parameters is of 
much interest and should be investigated. 
2. The scenario of negative Ri representing the case of a cold square cylinder 
should also be investigated. 
3. A three-dimensional investigation of the present problem should also be 
carried out to identify the instabilities leading to the onset of three-
dimensionality in the wake of the heated square cylinder.  Very little is known 
in this regard.  Further a three-dimensional investigation opens the possibility 
of studying the dynamics at much higher Re making the data applicable to 
wider physical situations. 
4. Large-scale heating effects can be investigated by employing a Non-
Boussinesq flow model. 
 171 
REFERENCES 
 
AMSDEN A. A. & HARLOW F. H. 1970 The SMAC method: A numerical 
technique for calculating incompressible fluid flows. Los Alamos Scientific 
Report, LA 4370. 
ANDERSON E. A. & SZEWCZYK A. A. 1997 Effects of a splitter plate on the near 
wake of a circular cylinder in 2 and 3-dimensional flow configurations. Exp. 
Fluids 23, 161 - 174. 
BHATTACHARYYA S. & MAHAPATRA S. 2005 Vortex shedding around a heated 
square cylinder under the influence of buoyancy. Heat Mass Trans. 41, 824 - 
833. 
BREUER M., BERNSDORF J., ZEISER T. & DURST F. 2000 Accurate 
computations of the laminar flow past a square cylinder based on two different 
methods: lattice-Boltzmann and finite-volume. Int. J. Heat and Fluid Flow 21, 
186 - 196. 
CAMARRI S. & GIANNETTI F. 2007 On the inversion of the Von Karman street in 
the wake of a confined square cylinder. J. Fluid Mech. 574, 169 - 178. 
CHATTERJEE D. 2012 Triggering vortex-shedding by superimposed thermal 
buoyancy around bluff obstacles in cross-flow at low Reynolds numbers. 
Nume. Heat Trans. Part A 61, 800 - 806. 
CHATTERJEE D. & MONDAL B. 2012 Effect of thermal buoyancy on the two-
dimensional upward flow and heat transfer around a square cylinder. Heat 
Trans. Engg. 33 (12), 1063 - 1074. 
CHEN Z. & AUBRY N. 2005 Active control of cylinder wake. Comm. Nonl. Scie. 
Nume. Simu. 10, 205 - 216. 
CHENG L. & ARMFIELD S. 1995 A simplified marker and cell method for unsteady 
flows on non-staggered grids. Int. J. Nume. Meth. Fluids 21 (1), 15 - 34. 
CHENG M., WHYTE D.S. & LOU J. 2007 Numerical simulation of flow around a 
square cylinder in uniform-shear flow. J. Fluids and stru. 23, 207 - 226. 
COUTANCEAU M. & MENARD C. 1985 Influence of rotation on the near wake 
development behind an impulsive started circular cylinder. J. Fluid Mech. 158, 
399 - 446. 
CHUNG T. J. 2002 Computational fluid dynamics. Cambridge University Press Chap. 
3, 45 - 53. 
 172 
DHIMAN A. K., CHHABRA R .P. & ESWARAN V. 2005 Flow and heat transfer 
across a confined square cylinder in the steady flow regime: effect of Peclet 
number. Int. J. Heat and Mass Trans. 48, 4598 - 4614. 
DHIMAN A. K., CHHABRA R. P., SHARMA A. & ESWARAN V. 2006 Effects of 
Reynolds and Prandtl numbers on heat transfer across a square cylinder in the 
steady flow regime. Nume. Heat Trans. Part A 49, 717 - 731. 
DHIMAN A. K., CHHABRA R. P. & ESWARAN V. 2008 Steady mixed convection 
across a confined square cylinder. Int. Comm. Heat and Mass Trans. 35, 47 - 
55. 
DHIMAN A., SHARMA N. & KUMAR S. 2013 Buoyancy-aided momentum and 
heat transfer in a vertical channel with a built-in square cylinder. Int. J. Sust. 
Energy 10.1080/14786451.2013.764878, 1 - 22. 
DRAZIN P. G. & REID W. H. 1981 Hydrodynamic Stability. Cambridge University 
Press. 
DUTTA S., MURALIDHAR K. & PANIGRAHI P. K. 2003 Influence of the 
orientation of a square cylinder on the wake properties. Exp. Fluids 34, 16 - 
23. 
DUTTA S., PANIGRAHI P. K. & MURALIDHAR K. 2008 Experimental 
investigation of flow past a square cylinder at angle of incidence. J. Engg. 
Mech. ASCE, 788 - 803. 
FERZIGER J. H. & PERIC M. 1996 Computational methods for fluid dynamics. 
Springer-Verlag Berlin Chap. 5, 95 - 98. 
GERRARD J. H. 1966 The mechanism of the formation region of vortices behind 
bluff bodies. J. Fluid Mech. 25, 401 - 413. 
GRESHO P. M. 1991 Incompressible fluid dynamics: some fundamental formulation 
issue. Annu. Rev. Fluid Mech. 23, 413 - 454. 
HASAN N. & SANGHI S. 2004 The dynamics of two-dimensional buoyancy driven 
convection in a horizontal rotating cylinder. J. Heat Trans. 126, 963 - 984. 
HASAN N., ANWER S. F. & SANGHI S. 2005 On the outflow boundary condition 
for external incompressible flows: A new approach. J. Compu. phys. 206, 661-
683. 
HASAN N. & RASHID A. 2013 Vortex-shedding suppression in two-dimensional 
mixed convective flows past circular and square cylinders. Phys. Fluids 22 
(053603), 1 - 27. 
 173 
KAKADE A. A., SINGH S. K., PANIGRAHI P. K. & MURALIDHAR K. 2010 
Schlieren investigation of the square cylinder wake: joint influence of 
buoyancy and orientation. Phys. Fluids 22 (054107), 1 - 18. 
KIM S.W. & BENSON T. J. 1992 Comparison of the SMAC, PISO and iterative time 
advancing schemes for unsteady flows. Compt. Fluids 21 (3), 435 - 454. 
KUMAR A. R., CHAN-HYUN S. & GOWDA B. H. L. 2008 Passive control of 
vortex-induced vibrations: An overview. Rec. Pat. Mecha. Engg. 1, 1 - 11. 
KUWAHARA K. 1999 Unsteady flow simulation and its visualization. 30
th
 AIAA 
Fluid Dyna. Conf. AIAA, 99 - 3405. 
LANKADASU A. & VENGADESAN S. 2008 Onset of vortex shedding in planer 
shear flow past a square cylinder. Int. J. Heat and Fluid Flow 29, 1054 - 1059. 
LUO S. C., CHEW Y. T. & NG Y. T. 2003 Characteristics of square cylinder wake 
transition flows. Phys. Fluids 15 (9), 2549 - 2559. 
LUO S. C., TONG X. H. & KHOO B. C. 2007 Transition phenomenon in the wake of 
a square cylinder. J. Fluids and Stru. 23, 227 - 248. 
MITTAL S. 2003 Effect of a slip splitter plate on vortex-shedding from a cylinder. 
Phys. Fluids 15, 817 - 820. 
MITTAL S. & KUMAR B. 2003 Flow past a rotating cylinder. J. Fluid Mech. 476, 
303 - 334. 
MITTAL S., KOTTARAM J. J. & KUMAR B. 2008 Onset of shear layer instability 
in flow past a cylinder. Phys. Fluids 20 (054102), 1 - 10. 
NORBERG C. 1993 Flow around rectangular cylinders: Pressure forces and wake 
frequencies. J. wind Engg. Ind. Aero. 49, 187 - 196. 
OKAJIMA A. 1998 Strouhal numbers of rectangular cylinders. J. Fluid Mech. 123, 
379-398. 
PERIC M. 1997 Efficient semi-implicit solving algorithm for nine-diagonal 
coefficient matrix. Nume. Heat Trans. 11, 251 - 279. 
PERNG S-W. & WU H-W. 2007 Buoyancy-aided/opposed convection heat transfer 
for unsteady turbulent flow across a square cylinder in a vertical channel. Int. 
J. Heat and Mass Trans. 50, 3701 - 3717. 
RAHNAMA M. & HADI-MOGHADDAM H. 2005 Numerical investigation of 
convective heat transfer in unsteady laminar flow over a square cylinder in a 
channel. Heat Trans. Engg. 26 (10), 21 - 29. 
 174 
RANJAN R., DALAL A. & BISWAS G. 2008 A numerical study of fluid flow and 
heat transfer around a square cylinder at incidence using unstructured grids. 
Nume. Heat Trans. Part A 54, 890 - 913. 
RAZAVI S. E., FARHANGMEHR V. & BARAR F. 2008 Impact of a splitter plate 
on flow and heat transfer around circular cylinder at low Reynolds numbers. J. 
Appl. Scie. 8, 1286 - 1292. 
RHIE C. M. & CHOW W. L. 1983 Numerical study of the turbulent flow past an 
airfoil with trailing edge separation. AIAA J. 21 (11), 1525 - 1532. 
SAHA A. K., MURALIDHAR K. & BISWAS G. 2000 Transition and chaos in two-
dimensional flow past a square cylinder. J. Engg. Mech. 125, 523 - 532. 
SAHA A. K., MURALIDHAR K. & BISWAS G. 2003 Three-dimensional study of 
flow past a square cylinder at low Reynolds numbers. Int. J. Heat and Fluid 
Flow 24, 54 - 66. 
SAHU A. K., CHHABRA R. P. & ESWARAN V. 2009 Effects of Reynolds and 
Prandtl numbers on heat transfer from a square cylinder in the unsteady flow 
regime. Int. J. Heat and Mass Trans. 52, 839 - 850. 
SEIDEL J., SIEGEL S., FAGLEY C., COHEN K. & MCLAUGHLIN T. 2009 
Feedback control of a circular cylinder wake. Proc. IMechE 223 Part G: J. 
Aeros. Engg.  379 - 392. 
SHARMA A. & ESWARAN V. 2004a Heat and fluid flow across a square cylinder in 
the two-dimensional laminar flow regime. Nume. Heat Trans. Part A 45, 247 - 
269. 
SHARMA A. & ESWARAN V. 2004b Effect of aiding and opposing buoyancy on 
the heat and fluid flow across a square cylinder at Re = 100. Nume. Heat 
Trans. Part A 45, 601 - 624. 
SHARMA A. & ESWARAN V. 2005a Effect of channel confinement on the two-
dimensional laminar flow and heat transfer across a square cylinder. Nume. 
Heat Trans. Part A 47, 79 - 107. 
SHARMA A. & ESWARAN V. 2005b Effect of channel-confinement and 
aiding/opposing buoyancy on the two-dimensional laminar flow and heat 
transfer across a square cylinder. Int. J. Heat and Mass Trans. 48, 5310 - 
5322. 
 175 
SHEARD G. J., FITZGERALD M. J. & KRIS R. 2009 Cylinders with square cross-
section: wake instabilities with incidence angle variation. J. Fluid Mech. 630, 
43 - 69. 
SINGH S. K., PANIGRAHI P. K. & MURALIDHAR K. 2007 Effect of buoyancy on 
the wakes of circular and square cylinders: a schlieren-interferometric study. 
Exp. Fluids 43, 101 - 123. 
SOHANKAR A., NORBERG C. & DAVIDSON L. 1998 Low-Reynolds-number 
flow around a cylinder at incidence: study of blockage, onset of vortex 
shedding and outlet boundary condition. Int. J. Nume. Meth. Fluids 26, 39 - 
56. 
SOHANKAR A., NORBERG C. & DAVIDSON L. 1999 Simulation of three-
dimensional flow around a square cylinder at moderate Reynolds numbers. 
Phys. Fluids 11 (2), 288 - 306. 
STOJKVIC D., BREUER M. & DURST F. 2002 Effect of high rotation rates on the 
laminar flow around a circular cylinder. Phys. Fluids 14, 3160 - 3178. 
THOMPSON J. F., WARSI Z. U. A. & MASTIN C. W. 1985 Numerical grid 
generation foundations and applications. North Holland. 
TRITTON D. J. 1979 Physical fluid dynamics ELBS Edi. Chap. 13, 127 - 130.  
TURKI S., ABBASSI H. & NASRALLAH S. B. 2003 Two-dimensional laminar fluid 
flow and heat transfer in a channel with a built-in heated square cylinder. Int. 
J. Ther. Scie. 42, 1105 - 1113. 
YANG G. & WU J. 2013 Effect of side ratio and aiding/opposing buoyancy on the 
aerodynamic and heat transfer characteristics around a rectangular cylinder at 
low Reynolds numbers. Nume. Heat Trans. Part A 64, 1016 - 1037. 
YOON D-H., YANG K-S. & CHOI C-B. 2010 Flow past a square cylinder with an 
angle of incidence. Phys. Fluids 22 (043603), 1 - 12. 
 176 
APPENDIX-1           DISCRETIZATION FORMULAE AND PCPE 
 
Discretization formulae 
Discretization formulae (Chung (2002)) for first and second order spatial 
derivatives of flow properties, along any coordinate direction, have been utilized are 
as follows; 
1. Second order central difference scheme for first order derivative 
    i 1 i 1
U UU 1
.
x 2 x
   
   
           (A1.1) 
2. Forth order central differencing scheme for first order derivative 
   i 2 i 1 i 1 i 2
U 8U 8U UU 1
.
x 12 x
        
   
          (A1.2) 
3. Second order central differencing scheme for second order derivative 
    
2
i 1 i i 1
2 2
U 2U UU
.
x x
  
 
          (A1.3a) 
4. Second order backward differencing scheme for second order derivative 
    
2
i i 1 i 2 i 3
2 2
2U 5U 4U UU
.
x x
    
 
        (A1.3b) 
5. Forth order central differencing scheme for second order derivative 
   
2
i 2 i 1 i i 1 i 2
2 2
U 16U 30U 16U UU 1
.
x 12 x
         
   
         (A1.4) 
 
Pressure correction Poisson equation (PCPE)  
The discretization of pressure correction Poisson equation Eq. (2.38) is carried 
out in a manner so as to yield a compact nine point stencil for L.H.S of Eq. (2.38).  In 
order to illustrate the idea, consider a grid patch of nine points around a given point (i, 
j) as shown in Fig. A1.1. 
Consider divergence operator x x
  
  
  
 operating on x x
p p  
   
 
 on 
L.H.S of Eq. (2.38), 
       
1 1 1 1
i , j i , j i, j i, j
2 2 2 2
x x x xi, j i, j i, j i, j
i, j i, j
   
   
      
                
      
  
       (A1.5) 
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The values of   at mid-way location are obtained as, 
   
   
1 11 x xi , j i , ji , j 1 12 22 i , j i , j
2 2
1 11 x xi, j i, ji, j 1 12 22 i, j i, j
2 2
p p
p p
 
 
 
 
     
       
    
     
       
    
 
The derivatives 
1
i , j
2
p

 
 
 
 and 
1
i, j
2
p

 
 
 
 are expressed using a central type of 
discretization given as, 
i 1, j i, j
1
i , j
2
i, j 1 i, j
1
i, j
2
p pp
p pp




  
 
  
  
 
  


          (A1.6) 
 
 
Fig. A1.1 Nine point stencil 
The other derivatives 
1
i, j
2
p

 
 
 
 and 
1
i , j
2
p

 
 
 
 are discretized as, 
1
i, j i, j i, j 1
2
i 1, j i 1, j i 1, j 1 i 1, j 1
p 1 p p
2
p p p p1
2 2 2
 
     
          
       
         
         
     
     
 
i, j 
i, j+1 
i, j-1 
i-1, j+1 i+1, j+1 
i-1, j i+1, j 
i-1, j-1 i+1, j-1 
  
 
 
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i 1, j i 1, j i 1, j 1 i 1, j 1
1
i, j
2
p 1
p p p p
4
     

 
            
        (A1.7) 
Similarly,   
i, j 1 i, j 1 i 1, j 1 i 1, j 1
1
i , j
2
p 1
p p p p
4
     

 
            
        (A1.8) 
Using the above compact discretization strategy, it is easily observed that the discrete 
version of Eq. (2.38) involves a nine-point computational molecule on the L.H.S of 
Eq. (2.38). 
The R.H.S of Eq. (2.38) contains the divergence of the provisional velocity 
field.  In order to maintain consistency the divergence operator is discretized using the 
values at mid-way location given as, 
   
* * * *
*
x x y y
* * * *
1 1 1 1
i , j i , j i, j i, j
2 2 2 2
x xi, j i, j
u u v v
.U
u u u u
   
      
         
      
   
    
      
 

 
   
* * * *
1 1 1 1
i , j i , j i, j i, j
2 2 2 2
y yi, j i, j
v v v v
   
   
    
      
 
        (A1.9) 
The provisional velocities * 1
i , j
2
u

, * 1
i, j
2
u

, * 1
i , j
2
v

, * 1
i, j
2
v

, at mid-way locations are 
obtained through a special interpolation procedure known as momentum interpolation 
originally proposed by Rhie and Chow (1983).  This procedure is designed to 
maintain the pressure-velocity coupling that would otherwise be lost in a colocated 
grid (non-staggered grid) arrangement.  The procedure is illustrated as, 
 
 
n
*
1 i 1, j i, j
i , j 1
i , j2
2
n
*
1 i, j i, j 1
i, j 1
i, j2
2
1 p
u up up t
2 x
1 p
u up up t
2 x






 
   
 
 
   
 


 
Analogous expressions can be written for * 1
i , j
2
v

, * 1
i, j
2
v

.  The velocities up, vp are the 
provisional velocities obtained from the predictor-step without considering the 
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pressure field i.e. considering only the diffusion/convection of momentum.  The 
pressure gradients 
n
1
i , j
2
p
x 
 
 
 
, 
n
1
i, j
2
p
x 
 
 
 
 are discretized as, 
   
n nn
1 1x xi , j i , j
1 1 12 2i , j i , j i , j
2 2 2
p p p
x    
      
        
       
 
The pressure gradients 
n
1
i , j
2
p

 
 
 
 and 
n
1
i , j
2
p

 
 
 
 are discretized as Eq. (A1.6) and Eq. 
(A1.8). 
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APPENDIX-2             GLOBAL PARAMETERS 
 
Fig. A2.1 The local normal and tangential coordinates at a point Q on the surface 
of a square cylinder 
The geometry of a square cylinder along with a surface point ‘Q’ located at an 
angle  from the positive x-axis is depicted in Fig. A2.1.  In order to estimate the 
various aerodynamic and heat transfer global parameters the local vectors and local 
coordinates are defined as follows, 
 i) nˆ   Local normal unit vector ˆ ˆcos i sin j     
 ii) tˆ   Local tangential unit vector, 
 iii) dA b(dl) Local surface area of the element at Q, 
 iv) r 

 Position vector of local area element at Q, 
v) xQ, yQ  Coordinates of the point Q on the cylinder surface, 
vi) n, s  Local normal and local tangential coordinates. 
The net force and moment exerted on the square cylinder by the fluid due to 
surface traction / stresses are given as follows, 
 ˆF n. dA, 

      (A2.1) 
 Tot ˆM r n. dA.  
 
      (A2.2) 
where for two-dimensional scenario 
   nx ny xx yx xy yyˆ ˆ ˆ ˆnˆ. i j cos sin i cos sin j                (A2.3) 
x 
Q 
y 
tˆ  
nˆ  
s 
n 
r

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The forces and moment per unit width ‘b’ for the two-dimensional situation are as 
follows, 
 x xx yx
f
cos sin dl,
b
         (A2.4) 
 y xy yy
f
cos sin dl,
b
         (A2.5) 
and 
    Tot Q yx yy Q xx xy
M
x cos sin y cos sin dl.
b
            (A2.6) 
For incompressible flows, 
xx
u
p 2 ,
x

    

       
yy
v
p 2 ,
y

    

     (A2.7) 
xy yx
u v
.
y x
  
      
  
      
Therefore substituting Eq. (A2.7) in Eq. (A2.4) to get 
 x
f u u v
pcos dl 2 cos sin dl.
b x y x
     
          
      
     (A2.8) 
The second term can be further simplified by using continuity and definition of 
vorticity as, 
 x
f
pcos dl sin dl.
b
            (A2.9) 
Similarly for y component of the force and the net moment can be obtained 
 y
f
psin dl cos dl,
b
            (A2.10) 
and 
   Tot Q Q Q Q
M
p x sin y cos dl x cos y sin dl.
b
            (A2.11) 
For a body-fitted coordinates, (x, y), (x, y)     , (refer Fig. 2.1) 
   
2 2
x y1 1
2 2 2 22 2
y x
cos n ,   sin n     and   dl dx dy ,
y x x y
 
   
        
 
   (A2.12) 
x x y y
dx d d and dy d d .
   
     
   
   (A2.13) 
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At the surface of the square cylinder, d 0.  
x y
dx d and dy d .
 
    
 
   (A2.14) 
Substituting Eq. (A2.12), (A2.13) and (A2.14) in Eq. (A2.9) to get 
 
 
2 21
x
1
2 20 2
2 21
1
2 20 2
yf x y
p d
b
y x
x x y
d .
x y

 

 
 
                  
 
                  


 (A2.15) 
In the same manner the y component of the force and the moment is established 
 
 
2 21
y
1
2 20 2
2 21
1
2 20 2
f x x y
p d
b
x y
y x y
d ,
y x

 

 
 
                 
 
                  


 (A2.16) 
and 
   
   
2 21
Tot
Q Q1 1
2 2 2 20 2 2
2 21
Q Q1 1
2 2 2 20 2 2
x yM x y
p x y d
b
x y y x
y x x y
x y d .
y x x y
 
   
 
   
                            
                            


(A2.17) 
Relationship for the direct metrics in terms of the inverse metrics is given as follows, 
y y
x x
x x
x J J , x J J ,   
y y
y y
y J J and y J J ,
x x
x y x y
J .
 
 
   
         
   
   
         
   
   
 
   
  (A2.18) 
Substitute Eq. (A2.18) in Eqs. (A2.15), (A2.16) and (A2.17) to get x and y component 
of the forces and the moment as follows, 
1 1
x
x x y
0 0
f
F Jp d J d ,
b
           (A2.19) 
 183 
1 1
y
y y x
0 0
f
F Jp d J d ,
b
           (A2.20) 
and 
   
1 1
Tot
Q y Q x Q x Q y
0 0
M
M p x J y J d x J y J d .
b
                  (A2.21) 
In the context of the present problem, the free-stream is oriented at an angle α 
with the line of action of the gravity vector (Fig. 1.3).  Therefore, the Lift and Drag 
coefficients are defined as follows,  
L y xC C sin C cos ,       (A2.22) 
D x yC C sin C cos .       (A2.23) 
Where     xx 2
o
2F
C ,
U d


         (A2.24) 
y
y 2
o
2F
C .
U d


     (A2.25) 
The moment coefficient ‘CM’ is defined as, 
M 2 2
o
2M
C .
U d


       (A2.26) 
In the above equations Fx and Fy are the forces along x and y directions per unit span 
of the cylinder respectively, and M is the total moment per unit span of the fluid 
forces about the cylinder center. 
Coefficients Cx, Cy and CM using equations (A2.19), (A2.20) and (A2.21) in 
their non-dimensional form are written as follows, 
1 1
x x y
0 0
2
C 2pJ d J d ,
Re
          (A2.27) 
1 1
y y x
0 0
2
C 2pJ d J d ,
Re
          (A2.28) 
 
 
1
M Q y Q x
0
1
Q x Q y
0
C 2p x J y J d
2
x J y J d .
Re
    

    


  (A2.29) 
 The total heat transfer rate from the cylinder can be expressed using the Fourier’s law 
of heat conduction as, 
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T
q k bdl.
n

 
     (A2.30) 
Total heat transfer rate per unit width ‘b’ from the cylinder is defined as, 
q T
k dl.
b n

 
     (A2.31) 
The Nusselt number is written as follows, 
 o s
q b
Nu .
4k T T


    (A2.32) 
Substitute the value of Q from Eq. (A2.31) in Eq. (A2.32) to get 
s
1 T 1
Nu dl.
4 n T T
  
    
   
    (A2.33) 
The dimensionless temperature is defined as, 
s
T T
,
T T



 

     (A2.34) 
s
1 T
.
n T T n
 

  
    (A2.35) 
Substitute Eq. (A2.35) in Eq. (A2.33) to get 
1
Nu dl.
4 n

 
     (A2.36) 
Utilizing Eqs. (A2.12), (A2.13) and (A2.14) to express the Nusselt number as, 
 
1
2 2 2
x y
1
ˆ ˆNu n n x y d ,
4 x y
 
     
       
     
   (A2.37) 
1
Nu y x d ,
4 x y
 
     
      
     
     (A2.38) 
   
1
x y
0
1
Nu J J d ,
4 x y
     
         
     
    (A2.39) 
1
x y
0
1
Nu J d .
4 x y
      
                
    (A2.40) 
By chain rule x x y yand .
x y
     
       
    
 
For uniform surface temperature 0.



 
 185 
x yand .
x y
   
    
  
   (A2.41) 
Finally the Nusselt number is written as follows,  
 
1
2 2
x y
0
1
Nu J d .
4

   

    (A2.41) 
 186 
APPENDIX-3                                                 DATA OF GLOBAL PARAMETERS 
 
Data for Strouhal number and mean (time mean)/steady coefficient of lift, 
coefficient of drag, coefficient of moment, Nusselt number are summarized in tabular 
form as given below:  
1. Mean/steady coefficient of lift LC  
Table A3.1 Mean/steady coefficient of lift at Re = 20 
Ri/
α 
0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 
-3.53E-
03 
-
0.107
3 
-
0.143
8 
-8.31E-
02 
6.23E-
04 
4.83E-
02 
9.57E-
02 
1.72E-
01 
2.13E-
01 
1.45E-
01 
-1.92E-
03 
0.2 
-4.99E-
03 
-
0.334
1 
-
0.503
8 
-0.4917 -0.3384 -0.2748 -0.2227 -0.1855 -0.2536 -0.4494 -0.6447 
0.4 
-4.99E-
03 
-
0.494
0 
-
0.811
4 
-0.8404 -0.7212 -0.6544 -0.5911 -0.5762 -0.7559 -1.0549 -1.2521 
0.6 
-5.83E-
03 
-
0.652
2 
-
1.042
1 
-1.1658 -1.0578 -0.9930 -0.9607 -1.0354 -1.2726 -1.6560 -1.8061 
0.8 
-6.64E-
03 
-
0.791
2 
-
1.292
2 
-1.4204 -1.3871 -1.3340 -1.3195 -1.4613 -1.8239 -2.2432 -2.2926 
1.0 
-7.43E-
03 
-
0.923
0 
-
1.525
8 
-1.7143 -1.7120 -1.6780 -1.6758 -1.8889 -2.3444 -2.8220 -2.7057 
1.2 
-8.21E-
03 
-
1.041
3 
-
1.745
1 
-2.0019 -1.9801 -2.0162 -2.0447 -2.2983 -2.8514 -3.3784 -3.0458 
1.4 
-8.98E-
03 
-
1.152
2 
-
1.952
6 
-2.2748 -2.2853 -2.3426 -2.3995 -2.7240 -3.3530 -3.9202 -3.3190 
1.6 
-9.73E-
03 
-
1.253
7 
-
2.150
3 
-2.5397 -2.5902 -2.6246 -2.7420 -3.1470 -3.8535 -4.4434 -3.5367 
 
Table A3.2 Mean/steady coefficient of lift at Re = 40 
Ri/
α 
0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 
-2.49E-
03 
-6.34E-
02 
-7.20E-
02 
-5.57E-
02 
2.83E-
03 
4.20E-
02 
8.14E-
02 
1.36E-
01 
1.39E-
01 
1.06E-
01 
-1.27E-
03 
0.2 
-3.55E-
03 
-0.3592 -0.4412 -0.3717 -0.2589 -0.2217 -0.1703 -0.1654 -0.2229 -0.3837 -0.5542 
0.4 
-4.48E-
03 
-0.5893 -0.8239 -0.7073 -0.5415 -0.4696 -0.4232 -0.4549 -0.6130 -0.9096 -1.0558 
0.6 
-5.41E-
03 
-0.7784 -1.1358 -1.0256 -0.8227 -0.7394 -0.6927 -0.7722 -1.0355 -1.4446 -1.4689 
0.8 
-6.36E-
03 
-0.9386 -1.4180 -1.3284 -1.1051 -1.0132 -0.9714 -1.1070 -1.4761 -1.9749 -1.8150 
1.0 
-7.32E-
03 
-1.0760 -1.6739 -1.6814 -1.3818 -1.3216 -1.2561 -1.4529 -1.9144 -2.4927 -2.0970 
1.2 
-8.30E-
03 
-1.1974 -1.9078 -1.9628 -1.6546 -1.6006 -1.5448 -1.8049 -2.3689 -2.9936 -2.3278 
1.4 
-8.68E-
03 
-1.3045 -2.1256 -2.2322 -2.0106 -1.8802 -1.8358 -2.1315 -2.8224 -3.4757 -2.5215 
1.6 
-8.74E-
03 
-1.3657 -2.3246 -2.4917 -2.2830 -2.1599 -2.1708 -2.5291 -3.2722 -3.9397 -2.6887 
 
Table A3.3 Mean/steady coefficient of lift at Re = 60 
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Ri/
α 
0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 
-1.42E-
03 
-2.77E-
02 
-5.81E-
02 
-6.40E-
02 
-1.19E-
02 
2.72E-
02 
6.65E-
02 
1.18E-
01 
1.07E-
01 
6.12E-
02 
-5.81E-
04 
0.2 
-1.81E-
03 
-0.3163 -0.3524 -0.3193 -0.2255 
-
0.1722 
-
0.1271 
-
0.1064 
-
0.2074 
-
0.3763 
-0.4800 
0.4 
-2.24E-
03 
-0.5904 -0.7253 -0.6096 -0.4587 
-
0.3919 
-
0.3491 
-
0.3892 
-
0.5824 
-
0.8565 
-0.9100 
0.6 
-2.74E-
03 
-0.8099 -1.0600 -0.9241 -0.7192 
-
0.6419 
-
0.5999 
-
0.6633 
-
0.9445 
-
1.3338 
-1.2699 
0.8 
-3.35E-
03 
-0.9891 -1.3640 -1.2274 -0.9755 
-
0.8838 
-
0.8395 
-
0.9477 
-
1.3329 
-
1.8107 
-1.5639 
1.0 
-3.90E-
03 
-1.1382 -1.6356 -1.5192 -1.2350 
-
1.1333 
-
1.0902 
-
1.2508 
-
1.7228 
-
2.2762 
-1.7876 
1.2 
-4.54E-
06 
-1.2650 -1.8845 -1.7846 -1.4934 
-
1.3889 
-
1.3475 
-
1.5590 
-
2.1312 
-
2.7250 
-1.9896 
1.4 
-5.10E-
03 
-1.3724 -2.1080 -2.0568 -1.7336 
-
1.6449 
-
1.6077 
-
1.8754 
-
2.5223 
-
3.1528 
-2.1674 
1.6 
-5.75E-
03 
-1.4645 -2.3150 -2.3300 -1.9932 
-
1.8997 
-
1.8702 
-
2.1960 
-
2.9563 
-
3.5583 
-2.3277 
 
Table A3.4 Mean/steady coefficient of lift at Re = 80 
Ri/
α 
0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 
-1.37E-
03 
2.74E-
03 
-
4.94E+0
2 
-6.22E-
02 
-1.28E-
02 
2.29E-
02 
-5.98E-
02 
1.76E-
01 
9.85E-
02 
3.43E-
02 
2.86E-
04 
0.2 
-1.09E-
03 
-
0.2655 
-0.3149 -0.3061 -0.2106 
-
0.1558 
-0.1077 
-6.72E-
02 
-
0.1557 
-
0.3375 
-
0.4233 
0.4 
-1.40E-
03 
-
0.5810 
-0.6325 -0.5523 -0.4088 
-
0.3341 
0.2782 -0.2689 
-
0.4593 
-
0.7631 
-
0.7971 
0.6 
-1.76E-
03 
-
0.8325 
-0.9847 -0.8184 -0.6084 
-
0.5155 
-0.4142 -0.5098 
-
0.8563 
-
1.2240 
-
1.1068 
0.8 
-2.13E-
03 
-
1.0330 
-1.3063 -1.1123 -0.8658 
-
0.7725 
-0.7236 -0.8239 
-
1.2096 
-
1.6788 
-
1.3612 
1.0 
-2.57E-
03 
-
1.1941 
-1.6039 -1.3952 -1.0986 
-
0.9877 
-0.9364 -1.0891 
-
1.5728 
-
2.1092 
-
1.5746 
1.2 
-3.08E-
03 
-
1.3254 
-1.8782 -1.6680 -1.3313 
-
1.2092 
-1.1622 -1.3696 
-
1.9485 
-
2.5240 
-
1.7603 
1.4 
-3.53E-
03 
-
1.4360 
-2.1308 -1.9344 -1.5642 
-
1.4377 
-1.3923 -1.6592 
-
2.3298 
-
2.9190 
-
1.9292 
1.6 
-4.03E-
03 
-
1.5287 
-2.3533 -2.1922 -1.8005 
-
1.6729 
-1.6395 -1.9553 
-
2.7133 
-
3.2901 
-
2.0885 
 
 
Table A3.5 Mean/steady coefficient of lift at Re = 100 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 -1.09E-03 0.0324 -0.0384 -0.0438 -0.0067 0.0193 0.0448 0.0923 0.0906 0.0094 -0.0005 
0.2 -0.0010 -0.2112 -0.3072 -0.2841 -0.1967 -0.1570 0.1174 -0.0678 -0.1251 -0.3096 -0.3752 
0.4 -0.0011 -0.5523 -0.5743 -0.5279 -0.3917 -0.3285 -0.2751 -0.2347 -0.3733 -0.6788 -0.7046 
0.6 -0.0014 -0.8376 -0.9031 -0.7721 -0.5749 -0.4894 -0.4257 -0.4136 -0.6601 -1.0876 -0.9786 
0.8 -0.0017 -1.0613 -1.2344 -1.0241 -0.7506 -0.6439 -0.5725 -0.6147 -1.0193 -1.5246 -1.2063 
1.0 -0.0021 -1.2404 -1.5375 -1.3022 -0.9416 -0.8059 -0.7384 -0.9697 -1.4511 -1.9683 -1.4016 
1.2 -0.0024 -1.3793 -1.8262 -1.5701 -1.2243 -1.0873 -1.0258 -1.2244 -1.7988 -2.3662 -1.5789 
1.4 -2.75E-03 -1.4846 -2.0894 -1.8213 -1.4367 -1.2848 -1.2261 -1.4836 -2.1477 -2.7330 -1.7468 
1.6 -0.0037 -1.5747 -2.3366 -2.0745 -1.6464 -1.4895 -1.4482 -1.7660 -2.5106 -3.0689 -1.9134 
 
 
Table A3.6 Mean/steady coefficient of lift at Re = 120 
Ri/ 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
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α 
0.0 
-4.11E-
04 
5.81E-
02 
-1.64E-
02 
-7.37E-
03 
5.62E-
03 
9.63E-
03 
1.65E-
02 
4.08E-
02 
5.57E-
02 
-2.57E-
02 
-1.67E-
04 
0.2 
-4.08E-
04 
-0.1883 -0.2888 -0.2418 -0.1913 -0.1721 -0.1525 -0.1142 -0.1359 -0.3048 -0.3231 
0.4 
-4.29E-
04 
-0.5125 -0.5730 -0.4805 -0.3852 -0.3489 -0.3112 -0.2691 -0.3485 -0.6249 -0.6070 
0.6 
-5.33E-
04 
-0.8286 -0.8336 -0.7308 -0.5703 -0.5137 -0.4583 -0.4228 -0.5917 -0.9864 -0.8461 
0.8 
-6.77E-
04 
-1.0799 -1.1758 -0.9757 -0.7507 -0.6628 -0.6009 -0.5828 -0.8606 -1.3763 -1.0509 
1.0 
-1.04E-
03 
-1.2741 -1.4855 -1.2364 -0.9138 -0.8015 -0.7279 -0.7550 -1.1809 -1.7838 -1.2341 
1.2 
-1.05E-
03 
-1.4294 -1.7739 -1.5124 -1.0759 -0.9338 -0.8518 -0.9858 -1.7008 -2.1883 -1.4109 
1.4 
-1.26E-
02 
-1.5473 -2.0414 -1.7726 -1.3673 -1.1958 -1.1295 -1.3771 -2.0357 -2.5470 -1.5841 
1.6 
-1.49E-
03 
-1.6425 -2.3023 -2.0162 -1.5654 -1.3800 -1.3221 -1.6357 -2.3790 -2.8269 -1.7608 
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2. Mean/steady coefficient of drag DC  
Table A3.7 Mean/steady coefficient of drag at Re = 20 
 
 
Table A3.8 Mean/steady coefficient of drag at Re = 40 
 
 
Table A3.9 Mean/steady coefficient of drag at Re = 60 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 1.5275 1.6337 1.8877 2.1528 2.3067 2.3219 2.2941 2.1149 1.8275 1.5582 1.4438 
0.2 1.9245 2.0032 2.1643 2.4101 2.5445 2.5314 2.4626 2.1886 1.8278 1.5331 1.4465 
0.4 2.2676 2.3547 2.5532 2.6932 2.7291 2.6915 2.5875 2.2306 1.8373 1.5174 1.4560 
0.6 2.5664 2.6509 2.8673 3.0206 2.9928 2.9011 2.7613 2.3713 1.9161 1.5291 1.4742 
0.8 2.8425 2.9198 3.1358 3.2980 3.2532 3.1382 2.9681 2.5006 1.9655 1.5226 1.5013 
1.0 3.1040 3.1723 3.3802 3.5414 3.4762 3.3405 3.1440 2.6003 2.0078 1.5038 1.5447 
1.2 3.3550 3.4134 3.6044 3.7849 3.6745 3.5181 3.2981 2.6863 2.0269 1.4744 1.5886 
1.4 3.5978 3.6460 3.8178 3.9789 3.8872 3.6718 3.4352 2.7565 2.0560 1.4390 1.6375 
1.6 3.8339 3.8717 4.0205 4.1462 4.0388 3.8132 3.5564 2.8171 2.0363 1.3992 1.6888 
 
 
 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 2.1905 2.2212 2.2951 2.3667 2.4047 2.4031 2.3887 2.3109 2.2018 2.1039 2.0610 
0.2 2.9701 3.0107 3.0999 3.1650 3.1351 3.0778 2.9916 2.7505 2.4688 2.2199 2.0388 
0.4 3.5465 3.5878 3.6735 3.7218 3.6465 3.5513 3.3622 3.0482 2.6396 2.2783 1.9816 
0.6 4.0446 4.0838 4.1608 4.1873 4.0613 3.9317 3.7520 3.2927 2.7580 2.2969 1.8968 
0.8 4.5014 4.5355 4.5980 4.5922 4.4241 4.2581 4.0362 3.4791 2.8640 2.2897 1.8004 
1.0 4.9303 4.9584 5.0020 4.9655 4.7504 4.5450 4.2915 3.6394 2.9239 2.2526 1.7034 
1.2 5.3390 5.3597 5.3819 5.3108 5.0311 4.8105 4.5097 3.7681 2.9755 2.2084 1.6131 
1.4 5.7319 5.7444 5.7432 5.6376 5.3156 5.0675 4.7248 3.8936 3.0132 2.1491 1.5327 
1.6 6.1118 6.1158 6.0893 5.9479 5.5804 5.2784 4.9127 4.0074 3.0328 2.0873 1.4637 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 1.6485 1.6860 1.8806 2.0795 2.1977 2.2072 2.1800 2.0274 1.7986 1.5878 1.5373 
0.2 2.2258 2.2871 2.4231 2.5298 2.5321 2.4937 2.4104 2.1997 1.9122 1.6715 1.5253 
0.4 2.6344 2.7007 2.8567 2.9763 2.9481 2.8710 2.7521 2.4391 2.0394 1.7104 1.4923 
0.6 2.9905 3.0548 3.2130 3.3348 3.2802 3.1728 3.0159 2.6153 2.1221 1.7188 1.4612 
0.8 3.3184 3.3775 3.5275 3.6426 3.5567 3.4255 3.2335 2.7536 2.1763 1.7049 1.4650 
1.0 3.6280 3.6799 3.8156 3.9155 3.8019 3.6521 3.4195 2.8666 2.2112 1.6746 1.4718 
1.2 3.9244 3.9681 4.0845 4.1668 4.0224 3.8474 3.5826 2.9634 2.2306 1.6324 1.4842 
1.4 4.2377 4.2453 4.3396 4.4017 4.2227 4.0229 3.7295 3.0181 2.2385 1.5826 1.5020 
1.6 4.4799 4.5052 4.5843 4.6219 4.4097 4.1837 3.9036 3.1122 2.2375 1.5242 1.5241 
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Table A3.10 Mean/steady coefficient of drag at Re = 80 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 1.4712 1.6132 1.9459 2.2658 2.4370 2.4524 2.4228 2.2254 1.8869 1.5407 1.3934 
0.2 1.7466 1.8403 2.1390 2.4965 2.6591 2.6495 2.5808 2.2865 1.8651 1.5059 1.4013 
0.4 2.0528 2.1582 2.3801 2.6772 2.8293 2.7957 2.6922 2.3177 1.8438 1.4755 1.4236 
0.6 2.3199 2.4215 2.6696 2.8412 2.9786 2.9240 2.7870 2.3366 1.7956 1.4347 1.4579 
0.8 2.5676 2.6592 2.9188 3.1044 3.0748 2.9703 2.8101 2.3619 1.8335 1.4000 1.5033 
1.0 2.8026 2.8825 3.1374 3.3340 3.2906 3.1666 2.9797 2.4614 1.8646 1.3892 1.5577 
1.2 3.0254 3.0964 3.3352 3.5396 3.4806 3.3379 3.1263 2.5414 1.8815 1.3688 1.6189 
1.4 3.2441 3.3030 3.5187 3.7264 3.6510 3.4891 3.2638 2.6064 1.8892 1.3400 1.6840 
1.6 3.4565 3.5043 3.6977 3.8984 3.8036 3.6223 3.3717 2.6585 1.8899 1.3129 1.7515 
 
 
Table A3.11 Mean/steady coefficient of drag at Re = 100 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 1.4380 1.6203 2.0322 2.3888 2.5606 2.5763 2.5257 2.3516 1.9725 1.5479 1.3610 
0.2 1.6268 1.7522 2.2010 2.6090 2.7718 2.7651 2.6953 2.3987 1.9338 1.5008 1.3724 
0.4 1.9058 2.0308 2.3267 2.7761 2.9318 2.8961 2.7934 2.4158 1.8943 1.4668 1.4027 
0.6 2.1509 2.2729 2.5445 2.9187 3.0707 3.0129 2.8788 2.4248 1.8644 1.4340 1.4469 
0.8 2.3781 2.4898 2.7777 2.9781 3.2006 3.1230 2.9580 2.4356 1.8271 1.3937 1.5037 
1.0 2.5955 2.6925 2.9840 3.2000 3.3021 3.2152 3.0118 2.3776 1.7804 1.3362 1.5704 
1.2 2.804 2.8878 3.1686 3.3970 3.3568 3.2247 3.0242 2.4549 1.7979 1.3033 1.6439 
1.4 3.0173 3.0781 3.3402 3.5786 3.5240 3.3782 3.1598 2.5272 1.8131 1.2767 1.7215 
1.6 3.2023 3.2623 3.4993 3.7389 3.6763 3.5075 3.2620 2.5709 1.8119 1.2586 1.8010 
 
 
Table A3.12 Mean/steady coefficient of drag at Re = 120 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 1.4212 1.6461 2.1246 2.4761 2.6390 2.6740 2.6525 2.4494 2.0773 1.5896 1.3619 
0.2 1.5423 1.7510 2.2887 2.7184 2.8798 2.8663 2.7996 2.5118 2.0309 1.5296 1.3775 
0.4 1.8022 1.9435 2.4089 2.8845 3.0301 2.9888 2.8869 2.5204 1.9771 1.4874 1.4151 
0.6 2.0309 2.1723 2.4588 3.0278 3.1607 3.0952 2.9623 2.5217 1.9294 1.4527 1.4685 
0.8 2.2468 2.3742 2.6868 3.1510 3.2821 3.1966 3.0354 2.5247 1.8960 1.4200 1.5351 
1.0 2.4510 2.5625 2.8839 3.2339 3.3991 3.2967 3.1075 2.5279 1.8653 1.3838 1.6129 
1.2 2.6474 2.7430 3.0608 3.3042 3.5113 3.3957 3.1745 2.5156 1.7598 1.3416 1.6955 
1.4 2.8385 2.9186 3.2239 3.4743 3.4455 3.3122 3.0974 2.4836 1.7696 1.2985 1.7861 
1.6 3.0238 3.0906 3.3734 3.6340 3.6016 3.3369 3.2114 2.5382 1.7713 1.2628 1.8737 
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3. Mean/steady coefficient of moment MC  
Table A3.13 Mean/steady coefficient of moment at Re = 20 
Ri/
α 
0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 
9.42E-
04 
-1.48E-
02 
-2.18E-
02 
-1.77E-
02 
4.95E-
03 
1.87E-
02 
3.19E-
02 
5.01E-
02 
4.55E-
02 
2.78E-
02 
-4.27E-
04 
0.2 
1.13E-
03 
1.30E-
02 
2.30E-
02 
3.81E-
02 
5.49E-
02 
6.87E-
02 
8.15E-
02 
9.83E-
02 
9.36E-
02 
7.85E-
02 
5.11E-
02 
0.4 
1.06E-
03 
3.40E-
02 
6.54E-
02 
8.57E-
02 
1.02E-
01 
1.22E-
01 
1.25E-
01 
1.43E-
01 
1.42E-
01 
1.31E-
01 
1.00E-
01 
0.6 
1.11E-
03 
5.73E-
02 
9.54E-
02 
1.31E-
01 
1.54E-
01 
1.65E-
01 
1.77E-
01 
1.93E-
01 
1.92E-
01 
1.84E-
01 
1.47E-
01 
0.8 
1.16E-
03 
7.92E-
02 
0.13210 
1.61E-
01 
1.96E-
01 
2.07E-
01 
2.19E-
01 
2.38E-
01 
2.45E-
01 
2.37E-
01 
1.91E-
01 
1.0 
1.20E-
03 
1.00E-
01 
1.67E-
01 
2.02E-
01 
2.38E-
01 
2.49E-
01 
2.60E-
01 
2.83E-
01 
2.96E-
01 
2.90E-
01 
2.32E-
01 
1.2 
1.24E-
03 
1.20E-
01 
2.02E-
01 
2.41E-
01 
2.64E-
01 
2.89E-
01 
3.01E-
01 
3.22E-
01 
3.47E-
01 
3.42E-
01 
2.69E-
01 
1.4 
1.28E-
03 
1.40E-
01 
2.35E-
01 
2.80E-
01 
3.03E-
01 
3.29E-
01 
3.42E-
01 
3.68E-
01 
3.99E-
01 
3.93E-
01 
3.02E-
01 
1.6 
1.31E-
03 
1.58E-
01 
2.67E-
01 
3.18E-
01 
3.41E-
01 
3.54E-
01 
3.78E-
01 
4.13E-
01 
4.50E-
01 
4.43E-
01 
3.32E-
01 
 
 
Table A3.14 Mean/steady coefficient of moment at Re = 40 
Ri/
α 
0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 
7.09E-
04 
-3.15E-
02 
-4.79E-
02 
-3.36E-
02 
-1.67E-
03 
1.68E-
02 
3.41E-
02 
6.09E-
02 
6.61E-
02 
4.00E-
02 
-4.10E-
04 
0.2 
8.23E-
04 
-2.57E-
03 
-1.31E-
02 
1.30E-
03 
3.53E-
02 
5.35E-
02 
7.26E-
02 
9.61E-
02 
9.72E-
02 
7.04E-
02 
2.94E-
02 
0.4 
8.70E-
04 
2.55E-
02 
3.28E-
02 
3.84E-
02 
7.06E-
02 
8.90E-
02 
1.06E-
01 
1.27E-
01 
1.27E-
01 
1.03E-
01 
5.66E-
02 
0.6 
9.01E-
04 
5.12E-
02 
7.13E-
02 
7.45E-
02 
1.03E-
01 
1.20E-
01 
1.36E-
01 
1.56E-
01 
1.58E-
01 
1.38E-
01 
8.02E-
02 
0.8 
9.26E-
04 
7.47E-
02 
1.08E-
01 
1.10E-
01 
1.35E-
01 
1.50E-
01 
1.65E-
01 
1.85E-
01 
1.90E-
01 
1.73E-
01 
1.02E-
01 
1.0 
9.48E-
04 
9.63E-
02 
1.43E-
01 
1.56E-
01 
1.65E-
01 
1.78E-
01 
1.92E-
01 
2.14E-
01 
2.23E-
01 
2.08E-
01 
1.21E-
01 
1.2 
9.68E-
04 
1.16E-
01 
1.77E-
01 
1.90E-
01 
1.94E-
01 
2.06E-
01 
2.19E-
01 
2.43E-
01 
2.58E-
01 
2.42E-
01 
1.37E-
01 
1.4 
9.15E-
04 
1.35E-
01 
2.08E-
01 
2.24E-
01 
2.34E-
01 
2.33E-
01 
2.46E-
01 
2.72E-
01 
2.94E-
01 
2.75E-
01 
1.52E-
01 
1.6 
8.03E-
04 
1.44E-
01 
2.39E-
01 
2.57E-
01 
2.63E-
01 
2.60E-
01 
2.83E-
01 
3.04E-
01 
3.30E-
01 
3.07E-
01 
1.66E-
01 
 
 
Table A3.15 Mean/steady coefficient of moment at Re = 60 
Ri/
α 
0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 
4.38E-
04 
-4.49E-
02 
-5.88E-
02 
-3.88E-
02 
-4.35E-
03 
1.38E-
02 
3.14E-
02 
6.14E-
02 
7.31E-
02 
5.08E-
02 
-3.60E-
04 
0.2 
4.69E-
04 
-2.46E-
02 
-3.37E-
02 
-1.28E-
02 
2.53E-
02 
4.47E-
02 
6.33E-
02 
9.27E-
02 
9.95E-
02 
7.26E-
02 
2.05E-
02 
0.4 
4.69E-
04 
8.47E-
03 
1.02E-
03 
1.66E-
02 
5.51E-
02 
7.58E-
02 
9.50E-
02 
1.23E-
01 
1.24E-
01 
9.51E-
02 
3.91E-
02 
0.6 
4.61E-
04 
3.52E-
02 
3.61E-
02 
4.84E-
02 
8.48E-
03 
1.05E-
01 
1.24E-
01 
1.47E-
01 
1.48E-
01 
1.20E-
01 
5.47E-
02 
0.8 
4.58E-
04 
5.94E-
02 
7.06E-
02 
7.98E-
02 
1.13E-
01 
1.32E-
01 
1.49E-
01 
1.70E-
01 
1.73E-
01 
1.45E-
01 
6.73E-
02 
1.0 
4.48E-
04 
8.12E-
02 
1.04E-
01 
1.11E-
01 
1.40E-
01 
1.57E-
01 
1.72E-
01 
1.93E-
01 
1.99E-
01 
1.70E-
01 
7.55E-
02 
1.2 
4.45E-
04 
1.01E-
01 
1.36E-
01 
1.40E-
01 
1.65E-
01 
1.81E-
01 
1.95E-
01 
2.15E-
01 
2.26E-
01 
1.94E-
01 
8.51E-
02 
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1.4 
4.32E-
04 
1.19E-
01 
1.67E-
01 
1.70E-
01 
1.90E-
01 
2.05E-
01 
2.17E-
01 
2.39E-
01 
2.54E-
01 
2.16E-
01 
9.46E-
02 
1.6 
4.30E-
04 
1.36E-
01 
1.96E-
01 
1.99E-
01 
2.15E-
01 
2.27E-
01 
2.39E-
01 
2.62E-
01 
2.83E-
01 
2.38E-
01 
1.04E-
01 
 
 
 
Table A3.16 Mean/steady coefficient of moment at Re = 80 
Ri/
α 
0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 
4.50E-
04 
-5.40E-
02 
-6.38E-
02 
-3.83E-
02 
-4.26E-
03 
1.23E-
02 
2.85E-
02 
5.91E-
02 
7.62E-
02 
5.76E-
02 
-3.70E-
04 
0.2 
2.94E-
04 
-3.30E-
02 
-4.41E-
02 
-1.55E-
02 
2.10E-
02 
3.87E-
02 
5.51E-
02 
8.60E-
02 
9.95E-
02 
7.45E-
02 
1.42E-
02 
0.4 
2.83E-
04 
-2.87E-
03 
-1.71E-
02 
7.28E-
03 
4.64E-
02 
6.45E-
02 
8.20E-
02 
1.13E-
01 
1.21E-
01 
9.19E-
02 
2.63E-
02 
0.6 
2.71E-
04 
2.56E-
02 
1.56E-
02 
3.17E-
02 
7.20E-
02 
9.11E-
02 
1.10E-
01 
1.39E-
01 
1.43E-
01 
1.10E-
01 
3.57E-
02 
0.8 
2.52E-
04 
5.14E-
02 
4.84E-
02 
5.98E-
02 
9.95E-
02 
1.21E-
01 
1.40E-
01 
1.62E-
01 
1.62E-
01 
1.28E-
01 
4.30E-
04 
1.0 
2.37E-
04 
7.44E-
02 
8.10E-
02 
8.79E-
02 
1.25E-
01 
1.45E-
01 
1.62E-
01 
1.81E-
01 
1.83E-
01 
1.47E-
01 
4.94E-
02 
1.2 
2.29E-
04 
9.50E-
02 
1.13E-
07 
1.16E-
01 
1.49E-
01 
1.68E-
01 
1.82E-
01 
2.00E-
01 
2.05E-
01 
1.66E-
01 
5.56E-
02 
1.4 
2.17E-
04 
1.14E-
01 
1.43E-
01 
1.43E-
01 
1.73E-
01 
1.89E-
01 
2.01E-
01 
2.19E-
01 
2.29E-
01 
1.83E-
01 
6.23E-
02 
1.6 
2.07E-
04 
1.31E-
01 
1.73E-
01 
1.70E-
01 
1.96E-
01 
2.10E-
01 
2.21E-
01 
2.39E-
01 
2.53E-
01 
1.98E-
01 
6.96E-
02 
 
 
Table A3.17 Mean/steady coefficient of moment at Re = 100 
Ri/
α 
0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 
3.63E-
04 
-6.14E-
02 
-6.47E-
02 
-3.51E-
02 
-3.51E-
03 
1.12E-
02 
2.53E-
02 
5.37E-
02 
7.57E-
02 
6.32E-
02 
-2.36E-
04 
0.2 
3.51E-
04 
-4.40E-
02 
-4.74E-
02 
-1.38E-
02 
1.19E-
02 
3.39E-
02 
4.84E-
02 
7.81E-
02 
9.75E-
02 
7.66E-
02 
9.66E-
03 
0.4 
3.22E-
04 
-1.42E-
02 
-2.86E-
02 
7.29E-
03 
4.14E-
02 
5.59E-
02 
7.09E-
02 
1.02E-
01 
1.17E-
01 
8.99E-
02 
1.74E-
02 
0.6 
2.92E-
04 
1.59E-
02 
-4.81E-
04 
2.76E-
02 
6.33E-
02 
7.83E-
02 
9.40E-
02 
1.26E-
01 
1.35E-
01 
1.04E-
01 
2.30E-
02 
0.8 
2.65E-
04 
4.31E-
02 
3.04E-
02 
4.62E-
02 
8.59E-
02 
1.02E-
01 
1.19E-
01 
1.49E-
01 
1.54E-
01 
1.19E-
01 
2.68E-
02 
1.0 
2.39E-
04 
6.79E-
02 
6.10E-
02 
7.18E-
02 
1.10E-
01 
1.28E-
01 
1.47E-
01 
1.74E-
01 
1.74E-
01 
1.33E-
01 
3.06E-
02 
1.2 
2.20E-
04 
8.92E-
02 
9.16E-
02 
9.74E-
02 
1.37E-
01 
1.57E-
01 
1.73E-
01 
1.90E-
01 
1.92E-
01 
1.46E-
01 
3.50E-
02 
1.4 
1.89E-
04 
1.09E-
01 
1.21E-
01 
1.22E-
01 
1.59E-
01 
1.78E-
01 
1.91E-
01 
2.06E-
01 
2.12E-
01 
1.59E-
01 
4.04E-
02 
1.6 
2.69E-
04 
1.26E-
01 
1.51E-
01 
1.48E-
01 
1.81E-
01 
1.98E-
01 
2.08E-
01 
2.23E-
01 
2.33E-
01 
1.69E-
01 
4.69E-
02 
 
 
Table A3.18 Mean/steady coefficient of moment at Re = 120 
Ri/
α 
0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 
1.45E-
04 
-6.73E-
02 
6.44E-
02 
-3.38E-
02 
-3.93E-
03 
9.26E-
03 
2.19E-
02 
4.80E-
02 
7.31E-
02 
6.83E-
02 
-1.46E-
04 
0.2 
1.44E-
04 
-5.20E-
02 
4.81E-
02 
-1.25E-
02 
1.65E-
02 
2.88E-
02 
4.15E-
02 
6.96E-
02 
9.42E-
02 
7.98E-
02 
5.54E-
03 
0.4 
1.29E-
04 
-2.58E-
02 
-3.09E-
02 
8.64E-
03 
3.61E-
02 
4.78E-
02 
6.05E-
02 
9.11E-
02 
1.14E-
01 
9.00E-
02 
9.24E-
03 
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0.6 
1.12E-
04 
4.72E-
03 
-1.42E-
02 
2.81E-
02 
5.52E-
02 
6.65E-
02 
7.99E-
02 
1.13E-
01 
1.31E-
01 
1.01E-
01 
1.14E-
02 
0.8 
9.59E-
05 
3.37E-
02 
1.42E-
02 
4.63E-
02 
7.46E-
02 
8.58E-
02 
1.00E-
01 
1.35E-
01 
1.46E-
01 
1.12E-
01 
1.32E-
02 
1.0 
1.06E-
04 
5.87E-
02 
4.33E-
02 
6.11E-
02 
9.45E-
02 
1.06E-
01 
1.22E-
01 
1.57E-
01 
1.62E-
01 
1.24E-
01 
1.56E-
02 
1.2 
7.65E-
05 
8.20E-
02 
7.23E-
02 
8.08E-
02 
1.16E-
01 
1.30E-
01 
1.48E-
01 
1.78E-
01 
1.86E-
01 
1.35E-
01 
1.94E-
02 
1.4 
6.91E-
05 
1.02E-
01 
9.98E-
02 
1.04E-
01 
1.46E-
01 
1.66E-
01 
1.80E-
01 
1.98E-
01 
2.03E-
01 
1.40E-
01 
2.45E-
02 
1.6 
5.95E-
08 
1.20E-
01 
1.28E-
01 
1.28E-
01 
1.66E-
01 
1.84E-
01 
1.96E-
01 
2.13E-
01 
2.22E-
01 
1.42E-
01 
3.15E-
02 
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4. Mean/steady Nusselt number Nu  
Table A3.19 Mean/steady Nusselt number at Re = 20 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 2.0451 2.0312 2.0209 2.0025 2.0057 2.0083 2.0117 2.0183 2.0458 2.0627 2.0784 
0.2 2.2143 2.1970 2.1784 2.1578 2.1359 2.1310 2.1262 2.1163 2.1234 2.1070 2.0768 
0.4 2.2990 2.2820 2.2763 2.2495 2.2234 2.2109 2.2005 2.1848 2.1799 2.1410 2.0647 
0.6 2.3771 2.3596 2.3399 2.3214 2.2895 2.2744 2.2589 2.2271 2.2254 2.1686 2.0601 
0.8 2.4416 2.4239 2.4034 2.3756 2.3456 2.3280 2.3102 2.2729 2.2448 2.1942 2.0566 
1.0 2.4972 2.4795 2.4586 2.4286 2.3947 2.3748 2.3554 2.3131 2.2779 2.2122 2.0557 
1.2 2.5464 2.5288 2.5077 2.4760 2.4408 2.4171 2.3955 2.3662 2.3081 2.2310 2.0577 
1.4 2.5908 2.5733 2.5523 2.5193 2.4817 2.4562 2.4327 2.3997 2.3356 2.2479 2.0621 
1.6 2.6313 2.6140 2.5932 2.5591 2.5193 2.4990 2.4707 2.4306 2.3604 2.2645 2.0685 
 
 
Table A3.20 Mean/steady Nusselt number at Re = 40 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 2.7017 2.6731 2.6720 2.7245 2.7673 2.7782 2.7807 2.7640 2.7356 2.7590 2.7958 
0.2 2.9505 2.9100 2.8372 2.8306 2.8370 2.8335 2.8309 2.8064 2.8048 2.8331 2.7785 
0.4 3.0971 3.054 3.0002 2.9419 2.9341 2.9288 2.9206 2.8935 2.8890 2.8912 2.7751 
0.6 3.2079 3.1645 3.1055 3.0328 3.0136 3.0049 2.9955 2.9679 2.9596 2.9383 2.7783 
0.8 3.2989 3.2560 3.1947 3.1123 3.0836 3.0728 3.0629 3.0342 3.0205 2.9776 2.7992 
1.0 3.3771 3.3350 3.2732 3.2042 3.1479 3.1296 3.1249 3.0942 3.1137 3.0114 2.8203 
1.2 3.4463 3.4050 3.3436 3.2700 3.2076 3.1870 3.1827 3.1488 3.1625 3.0414 2.8410 
1.4 3.4928 3.4683 3.4076 3.3311 3.2653 3.2406 3.2367 3.2161 3.2066 3.0689 2.8612 
1.6 3.5356 3.4987 3.4668 3.3879 3.3175 3.2910 3.2786 3.2454 3.2471 3.0939 2.8806 
 
 
Table A3.21 Mean/steady Nusselt number at Re = 60 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 3.2128 3.2113 3.2929 3.3780 3.4298 3.4411 3.4428 3.4163 3.3546 3.2945 3.3059 
0.2 3.4679 3.4033 3.3718 3.4517 3.5032 3.5082 3.5001 3.4491 3.3719 3.3199 3.3137 
0.4 3.6537 3.5808 3.5132 3.5103 3.5418 3.5460 3.5304 3.4607 3.4140 3.3688 3.3341 
0.6 3.7931 3.7191 3.6333 3.6010 3.5975 3.5855 3.5666 3.5278 3.5008 3.4336 3.3613 
0.8 3.9071 3.8342 3.7389 3.6817 3.6645 3.6498 3.6315 3.6017 3.5778 3.4869 3.3903 
1.0 4.0049 3.9336 3.8356 3.7573 3.7259 3.7096 3.6933 3.6719 3.6471 3.5318 3.3965 
1.2 4.0912 4.0217 3.9225 3.8361 3.7855 3.7680 3.7538 3.7384 3.7088 3.5696 3.4254 
1.4 4.1690 4.1011 4.0029 3.9037 3.8481 3.8256 3.8132 3.8014 3.7659 3.6024 3.4538 
1.6 4.2401 4.1739 4.0767 3.9644 3.9035 3.8821 3.8711 3.8608 3.8159 3.6311 3.4809 
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Table A3.22 Mean/steady Nusselt number at Re = 80 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 3.6471 3.7077 3.8456 3.9421 3.9950 4.0069 4.0097 3.9882 3.9222 3.8124 3.7686 
0.2 3.9110 3.8378 3.9235 4.0371 4.0835 4.0888 4.0829 4.0381 3.9405 3.8340 3.7844 
0.4 4.1325 4.0400 3.9831 4.1005 4.1503 4.1508 4.1383 4.0743 3.9672 3.8797 3.8191 
0.6 4.3022 4.2019 4.1015 4.1145 4.2029 4.2004 4.1776 4.0927 3.9876 3.9249 3.8586 
0.8 4.4384 4.3387 4.2121 4.1953 4.1968 4.1779 4.1506 4.1042 4.0737 3.9750 3.8975 
1.0 4.5548 4.4576 4.3155 4.2684 4.2588 4.2379 4.2125 4.1797 4.1567 4.0315 3.9344 
1.2 4.6565 4.5631 4.4126 4.3380 4.3155 4.2937 4.2722 4.2528 4.2324 4.0804 3.9700 
1.4 4.7494 4.6590 4.5025 4.4062 4.3699 4.3483 4.3320 4.3238 4.3014 4.1196 4.0046 
1.6 4.8341 4.7456 4.5912 4.4728 4.4239 4.4029 4.3908 4.3923 4.3648 4.1535 4.0383 
 
 
Table A3.23 Mean/steady Nusselt number at Re = 100 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 4.0511 4.1676 4.3466 4.4460 4.4984 4.5124 4.5078 4.5010 4.4401 4.2943 4.2041 
0.2 4.2683 4.2430 4.4499 4.5526 4.5939 4.6026 4.5983 4.5625 4.4676 4.3108 4.2291 
0.4 4.5303 4.4398 4.4862 4.6326 4.6701 4.6722 4.6639 4.6136 4.4995 4.3639 4.2786 
0.6 4.7262 4.6197 4.5346 4.6964 4.7369 4.7359 4.7231 4.6570 4.5424 4.4202 4.3278 
0.8 4.8826 4.7751 4.6398 4.6681 4.7965 4.7918 4.7723 4.6870 4.5786 4.4657 4.3740 
1.0 5.0191 4.9135 4.7420 4.7446 4.8342 4.8285 4.7911 4.6436 4.6141 4.4928 4.4185 
1.2 5.1396 5.0343 4.8426 4.8157 4.8067 4.7782 4.7493 4.7219 4.7015 4.5354 4.4620 
1.4 5.2516 5.1483 4.9404 4.8829 4.8644 4.8363 4.8133 4.7995 4.7837 4.5763 4.4966 
1.6 5.3454 5.2511 5.0357 4.9492 4.9189 4.8906 4.8731 4.8746 4.8591 4.6115 4.5505 
 
 
Table A3.24 Mean/steady Nusselt number at Re = 120 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 4.4162 4.5960 4.8056 4.8972 4.9488 4.9684 4.9710 4.936 4.8754 4.6926 4.5342 
0.2 4.6049 4.7010 4.9285 5.0199 5.0604 5.0658 5.0589 5.0137 4.9084 4.6965 4.5721 
0.4 4.9079 4.8007 5.0087 5.1066 5.1358 5.1373 5.1276 5.0714 4.9414 4.7463 4.6365 
0.6 5.1268 4.9874 4.9372 5.1814 5.2052 5.2047 5.1922 5.1235 4.9802 4.8060 4.6982 
0.8 5.3068 5.1581 5.0373 5.2460 5.2708 5.2681 5.2512 5.1659 5.0274 4.8568 4.7565 
1.0 5.4592 5.3068 5.1317 5.2805 5.3313 5.3237 5.2985 5.1940 5.0744 4.8973 4.8135 
1.2 5.5925 5.4457 5.2301 5.2462 5.3825 5.3670 5.3274 5.1936 5.0464 4.9178 4.8719 
1.4 5.7148 5.5712 5.3261 5.3134 5.2927 5.2510 5.2135 5.1724 5.1321 4.9223 4.9289 
1.6 5.8237 5.6865 5.4250 5.3776 5.3516 5.3084 5.2739 5.2465 5.2112 4.9234 4.9919 
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5. Strouhal number St 
Table A3.25 Strouhal number at Re = 40 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 0.0000 0.0000 0.1019 0.1026 0.1028 0.1028 0.1028 0.1028 0.1021 0.000 0.0000 
0.2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.6 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1125 
1.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1175 
1.2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1218 
1.4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1256 
1.6 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1293 
 
 
Table A3.26 Strouhal number at Re = 60 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 0.1206 0.1209 0.1207 0.1201 0.1196 0.1195 0.1197 0.1203 0.1211 0.1215 0.1214 
0.2 0.0000 0.0000 0.0000 0.1345 0.1321 0.1312 0.1305 0.1293 0.1234 0.1256 0.1227 
0.4 0.0000 0.0000 0.0000 0.0000 0.1434 0.142 0.1408 0.1391 0.0000 0.0000 0.1261 
0.6 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1302 
0.8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1344 
1.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1379 
1.2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1412 
1.4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.144 
1.6 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1464 
 
 
Table A3.27 Strouhal number at Re = 80 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 0.1338 0.1333 0.1321 0.131 0.1303 0.13 0.1302 0.1314 0.1324 0.1343 0.1351 
0.2 0.0000 0.0000 0.1481 0.1438 0.1418 0.1409 0.1402 0.1394 0.1396 0.1396 0.1365 
0.4 0.0000 0.0000 0.0000 0.1554 0.1516 0.1504 0.1491 0.1485 0.1491 0.1468 0.1395 
0.6 0.0000 0.0000 0.0000 0.0000 0.1618 0.1597 0.1588 0.1596 0.1543 0.1542 0.143 
0.8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1463 
1.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.149 
1.2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1511 
1.4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1526 
1.6 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1538 
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Table A3.28 Strouhal number at Re = 100 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 0.1432 0.1416 0.14 0.1388 0.1377 0.1377 0.1371 0.139 0.1402 0.1426 0.1449 
0.2 0.0000 0.1633 0.1538 0.1508 0.1488 0.1481 0.1472 0.1464 0.1466 0.1483 0.1461 
0.4 0.0000 0.0000 0.1694 0.1605 0.1574 0.1562 0.1552 0.1538 0.155 0.1562 0.1485 
0.6 0.0000 0.0000 0.0000 0.1697 0.1661 0.1644 0.1633 0.1626 0.1663 0.1655 0.1512 
0.8 0.0000 0.0000 0.0000 0.1824 0.1739 0.172 0.1724 0.1745 0.1801 0.1745 0.1536 
1.0 0.0000 0.0000 0.0000 0.0000 0.1821 0.1818 0.1828 0.0000 0.0000 0.1821 0.1552 
1.2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.156 
1.4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1569 
1.6 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1574 
 
 
Table A3.29 Strouhal number at Re = 120 
Ri/α 0o 10o 20o 30o 40o 45o 50o 60o 70o 80o 90o 
0.0 0.1492 0.1472 0.1455 0.144 0.1424 0.143 0.1432 0.144 0.1459 0.1479 0.1511 
0.2 0.0000 0.1675 0.1579 0.156 0.1543 0.1531 0.1524 0.1515 0.1515 0.1533 0.1522 
0.4 0.0000 0.0000 0.1694 0.165 0.1626 0.161 0.1594 0.1577 0.1579 0.1615 0.154 
0.6 0.0000 0.0000 0.0000 0.1727 0.1697 0.1683 0.1667 0.165 0.1703 0.1706 0.1556 
0.8 0.0000 0.0000 0.0000 0.1805 0.1773 0.1757 0.1745 0.1739 0.1798 0.1808 0.1572 
1.0 0.0000 0.0000 0.0000 0.1893 0.1845 0.1834 0.1828 0.1862 0.1949 0.1912 0.1582 
1.2 0.0000 0.0000 0.0000 0.0000 0.1915 0.1912 0.1926 0.2032 0.0000 0.2 0.1582 
1.4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.2061 0.1582 
1.6 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1582 
 
